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Chapter 1

Introduction and examples

1.1

Introduction

This section provide some idea of the “nature of abstract algebra”. I shall provide a brief

outline only.Following are some of the salient points :

1.

The section forms an introduction to “binary operations”,which are define in the

next section.
To achieve this, it treats multiplication of complex numbers.
It present Euler’s Formula :

0

e’ = cosbt +isinf

For any complex number z € C we have :

z = |z]e®

. It expounds the algebra of the Unit circle :

(a) The Unit circle:

U={2€C:|z|]=1} ={2€C:z=¢" where § € R}
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(b) Observe, for z,w € U, the product zw € U. We say that the unit circle U is

closed under multiplication.
(c) Let the map f : [0,27) — U be defined by f(0) = €. Then, f is a bijection.
(d) Indeed, f(xz + y) sends sum to the product. In this case, addition x + y in
[0, 27) is defined “modulo 27”.

6. Algebra of Roots of Unity : We consider the algebra of roots of unity. Choose a

positive integer n.

(a) Let U, denote the set of all roots of the equation z" =1 in C.
(b) Let ¢ = e . Then,
Up = {Cov 417 C27 s 7('&71}'

(c) Let the map ¢ : Z, — U, be defined by

is a bijection.It requires a proof that ¢ is well-defined.

(a) Actually, o(z +y) = ¢(x)¢(y) maps sum to the product.

7. Also, U, C U, the unit circle.
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1.2 Binary Operation

Addition and multiplication are examples of binary operations in all the situations

where we operated on them:
L, Zn, R, C, My(R), M,(C)

where M,(R), M,(C) are the set of n x n matrices with coefficients in R or C.
Multiplication on U, U, is also a binary operation. They are referred to as binary

operations since to each ordered pair (z,y) they assign another element x + y or
xy.
We provide a rigorous definition of binary operations.

Definition 1.2.1. Let S be any set. A binary operation % on S is a function
x: 9 xS —= 8.

Temporarily, we employ the notation z * y := *(x, y).

Definition 1.2.2. Let * be a binary operation on S and H be a subset of 5. We
say H is closed under *, if for any x,y € H we also have x x y € H. Notationally,

ife,ye H = xxy e H.

Example 1.2.3. (§1.2, 2.7). Let F be the set of all continuous real-valued functions

on R. We give four binary operations:

Sum:  (f +g)(x) = f(z) + g(x)

b) Product:  (fg)(z) = f(z)g(x)

(¢) Composition:  (fog)(z) = f(g(x))

(d) Subtraction: (f — g)(z) = f(z) — g(z)

(a)
(b)
)
)

Note division f/g is not defined in general (except when g(z) # 0 for all z). There-

fore, division isn’t a binary operation on F.
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1.3 Properties of Binary Operations

Definition 1.3.1. A binary operation x on S is commutative if
rxy=y*xx Vr,y€Ss.

Remark and Examples: To my knowledge, matrix multiplication and composi-
tion are the only “natural” binary operations that are not commutative. Most counter-

examples are artificially constructed.

1. On Z, Z,, R, and C, both addition and multiplication are commutative.

2. On M,(R) and M, (C), addition is commutative, but multiplication is not commu-

Foll bl

tative. For example:
More generally:
The left-hand side (LHS) is:

The right-hand side (RHS) is:
b a
Yy T
3. Let F be the set of all continuous functions on R. Then:

(a) Addition (+) is commutative.
(b) Subtraction is not commutative.

(¢) Composition is not commutative. For example, let:

Then:
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(fog)(x)=¢", (gof)(x)=(e")?=e>

Thus:

Jog#gof

Definition 1.3.2. A binary operation * on S is said to be associative if:

ax(bxc)=(axb)*xc Va,bceS.

Remarks and Examples.

1. To begin with, only when an operation is associative, we are not required to use
parentheses to indicate the order of multiplication. We can represent a * b * ¢ for
both a % (b* ¢) and (a * b) * c.

2. Tknow (well, I do) no natural instance of binary operations which is not associative.

Example 1.3.3: Addition (+) is a binary operation on the set of natural numbers
N, the set of integers Z, and the set of real numbers R.

Example 1.3.4: Multiplication (x) is a binary operation on N, Z, Q, R, and C.

Example 1.3.5: Union, intersection, and difference are binary operations on P(A),

the power set of A.
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Theorem 1.3.6.

The identity element of a binary operation % on a set A, if it exists, is unique.

Proof: Let ¢ and ¢” be two identity elements of A relative to the binary operation
*.

Since € is an identity element, for all a € A:
exa=axe =a

In particular, taking a = ¢”, we get:

Similarly, since ¢’ is also an identity element, for all a € A:
"xa=axe" =a

In particular, taking a = ¢/, we get:

Thus, we have:

exe =¢" and e€"xe =¢

Therefore:

Hence, the identity element is unique.
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Theorem 1.3.7. Suppose that * is a binary operation on a set A that is associative.
Then, each invertible element in A has a unique inverse.

Proof: Let a € A be an invertible element with respect to the binary operation .
Suppose, to the contrary, that b and ¢ are two different inverses of a in A.

Let e be the identity element in A with respect to *. Then, by definition:
bxa=axb=e and cxa=axc=e
Since * is associative on A, we have:
(bxa)*xc=0bx(axc)
Substituting the known identities:
exc=bxe
But, since e is the identity element:
exc=c and bxe=1b

Thus:

Therefore, the inverse of a is unique.
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1.4 Cancellation Law

Definition 1.4.1.

A binary operation * on a set A is said to satisfy:

1. Left Cancellation Law: For all a,b,c € A,

axb=axc = b=c

2. Right Cancellation Law: For all a,b,c € A,

bxa=c*xa = b=c

Theorem 1.4.2.

Let * be an associative binary operation on a set A such that each element of A is

invertible. Then * satisfies both the left and right cancellation laws, i.e.,
axb=a*xc — b=c and bxa=cxa — b=c¢, Va,bceA.
Proof: Let e be the identity element of A with respect to *. Since all elements of A

are invertible, each a € A has an inverse, denoted by a’ € A.

Assume:

axb=ax*c

Multiplying both sides on the left by a':
a *(axb)=a x(axc)

Since * is associative:

(@' xa)*b=(a"*a)xc

But @’ is the inverse of a, so a’ *x a = e, the identity element:

exb=exc

Using the identity property:

Thus, the left cancellation law holds.

Similarly, for the right cancellation law, assume:

bxa=cxa
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Multiplying both sides on the right by «':
(bxa)xa = (cxa)*d

Using associativity:

bx(axd)=cx(axa)

Since d' is the inverse of a, a x a’ = e:
bxe=cxe

Using the identity property:
b=c

Thus, the right cancellation law also holds.
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1.5 Isomorphic Binary Structures

We establish isomorphic binary structures. The point is, if two binary structures are
isomorphic, then properties of one carry over to the properties of the other through the
isomorphism. Therefore, if we know one, we know the other. We do not need to study

two of them separately.
Definition 1.5.1. By a binary structure (S, *), we will mean a set S with a binary

operation * on it.
Definition 1.5.2. Let (S, *) and (7', %) be two binary structures.

1. Amap ¢:S — T is called a homomorphism of binary structures if
plzry) =e(@)« ely) Vo,yes

2. Amap ¢: S — T is called an isomorphism of binary structures if
plzxy) = @)« oly) Yz,yes,

and ¢ is a bijection.

(Emphasis in this section is on isomorphic structures; not on homomorphisms.)

Example 1.5.3. Let U = {z € C : |z| = 1} be the unit circle. Then, with usual
multiplication, (U, -) is a binary structure.

On the interval [0, 27), the addition modulo 27 gives a binary structure ([0, 27), +).

The map
¢ :]0,27) = U defined by (t) = e”

is a binary structure isomorphism.
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Example 1.5.4. Let n be an arbitrary positive number. Define

2kmi

Vily > Uy by (k)=ern (=G)
Then, 1 is an isomorphism of binary structures.
Example 1.5.6. The mapping
exp : (R, +) — ((0,00),-) defined by exp(t) = e
is an isomorphism of binary structures. Its inverse
In: {((0,00), ) = (R,4), t~In(t)
is also an isomorphism of binary structures.

Definition 1.5.7. Let (S, %) be a binary structure. An element e € S is said to be

an identity element for * if

exx=x*xe=ux, Vres.

Theorem 1.5.8. Let (S, *) be a binary structure. Then, (S, %) possesses at most one
identity element.

Proof. Let ¢, e be identity elements in S. We shall prove that e = e.

Since e is an identity element:

€E=c€xe.

Since € is also an identity element:
e=c¢€xe.

Thus, € = e. The proof is complete.
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Theorem 1.5.9. Let ¢ : S — T be an isomorphism of two binary structures (S, )
and (T, *"). Let e € S be the identity for *. Then, p(e) is an identity element in (T, *).

Proof:

For z € T, we must show = " ¢(e) = p(e) ¥ x = x.

Because ¢ is onto, ¢(a) = x for some a € S.

We have:
exa=axe=a
Apply ¢:
p(e) ' p(a) = p(a) ' p(e) = p(a)
Which is:

ple)¥ x=x+"ple) =z

Hence, ¢(e) is an identity in 7. The proof is complete.

1.6 Non-Isomorphic Binary Structures

We examine several non-isomorphic binary structures.

Example 1.6.1.

1. (Q,+) and (Z,+) are not isomorphic.

2. (Added) (Q,-) and (Z,-) are not isomorphic.
Proof.

1. This is due to the fact that (Q,+) is “divisible” by any positive integer n.

“Divisible by 3” means that for any y € Q, there is an element z € Q such that:
r+r+x=y

namely x = ¥. But (Z, 4) does not enjoy this property.

2. For the second statement, note that all nonzero elements in Q have an inverse, while

that is not true for Z.

Example 1.6.2.

(R, -) is not isomorphic to (My(R), %), where * is usual matrix multiplication.

Among other things, the first structure is commutative, while the second one is not
commutative.

Example 1.6.3.

(R,-) and (C,-) are not isomorphic.
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Group and Subgroup

2.1 Group

From school level, students are well accustomed with the sets like Z, Q, R, C and the
binary operations in these sets of numbers, what we call +, —, X, etc.

In layman’s words, a binary operation on a set combines any two elements of the set
to produce a new element of the set.

At this point, let us place the formal definition of a binary operation on a set.

Definition 2.1.1. A binary operation % on a nonempty set G is a function from the
Cartesian product G x G to the set G which assigns each ordered pair (z,y) of elements

of G into an element of G. We always write:
x(z,y)=x*xy Vr,yed

Let us consider the set Z, = {0,1,2,...,n — 1} of equivalence classes corresponding
to the equivalence relation = (modn) defined on the set of integers Z. In this set, we
can define two binary operations, namely addition (mod n) and multiplication (mod n).

One can cite innumerable examples of algebraic structures which satisfy associativity,
existence of identity, and existence of inverse. Instead of considering them individually,
here we consider an abstract algebraic structure G called a group.

At this point, let us place the formal definition of a group.

Definition 2.1.2. A nonempty set G equipped with a binary operation is said to be
a group if the elements of G satisfy the following:

(i) Associativity: For any a,b,c € G
a(bc) = (ab)c

(ii) Existence of Identity: There exists an element e € G (called the identity element)

18
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such that,

ac=cea=a VacdG

(i) Existence of Inverse: For each element a € G, there exists an element b € G
such that,

ab=ba=c¢

The element b is called the inverse of a and is denoted by a .

2.2 Remarks

1. If, in addition to the above properties, the commutative property holds in G, i.e.,
for any a,b € G,
ab = ba

then the group G is called an abelian group.

2. In the case of an additive group G, the identity element e is replaced by 0, the zero
element of GG, such that for any a € G,

a+0=0+a=a

3. The inverse of an element a in an additive group G is called the negative of a and

is denoted by —a, satisfying:

4. Additive groups are always abelian, i.e., for an additive group G,

a+b=b+a Va,beG

5. For an element a € G, we can write a,a € G; by the closure property, aa = a® € G.

2

Again, a,a® € G implies aa® = a® € G. Continuing this process, one can see that

for any a € G, we always have:
a"e€eG VYneN

Also, we define:
a=e Vaed
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Furthermore, for a € G, a™! € G and hence,
alat=a?cqG
Continuing this process, we conclude that:

ateG Vn=-1,-2,-3,...
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Finally, one can conclude that,
a*e G VnelZ
By the same argument, for an additive group G, one can conclude that,
na € G Vn ezl

where
at+a+---+a (n times) ifn>0

na =<0 ifn=20

(—a)+ (—=a)+ -+ (—a) (—ntimes) ifn<0

2.3 A few basic results:

—_

. A group G consists of one and only one identity element.
2. In a group, both right and left cancellation laws hold good.

3. For each element a in a group G, there exists a unique element b € G such that
ab=ba=c¢

1

4. For an element a € GG, the inverse of ¢~ is the element itself, i.e.,

(e t=a Vaed
5. For any a,b € G,
(ab)™t =b"tat
This property is sometimes called the Socks-Shoes property or reversal law.

6. For a,b € G, the equations axr = b and ya = b have unique solutions in the group

G.

Proof (1): If possible, suppose that G is a group with two identity elements, namely

e and €’. Since both e and €’ are identities of the group G, therefore for any a € G,
ae=a and €a=oa

Putting a = €/, we get

de=¢€ and efe=ce
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Thus,

Hence, the identity element is unique.
Proof (2): Let G be a group and a,b, c € G such that

ab = cb (1)

and
ab = ac (2)

Post-multiplying both sides of (1) by b~ we get:
(ab)b™! = (eb)b™r = a(bb™') = c(bb™) [By associativity in G]

ae =ce — a==¢C

Pre-multiplying both sides of (2) by a™!

, we get:
a'(ab) = a ac) = (a'a)b=(a"ta)c = eb=ecc = b=c

It follows that both the cancellation laws hold good in G.

Proof (3): Suppose G is a group with identity element e. For an element a € G,
suppose that there exist b, b € G such that:

ab=ba=e¢ and abl =ba=ce
It follows that:
ab=e=all = ab=abl = b=10 [By left cancellation law]
It follows that the inverse of an element in a group is unique.

Proof (4): For an element a in a group G, from the definition of inverse, we have:

Taking b = a~ !, we get:
ab=ba=e = ba=ab=ce

Thus, taking the inverse of b, we have:
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This completes the proof.
Proof (5): For any a,b € G, by closure property ab € G and hence (ab)~! € G such
that,
(ab)(ab)™t = (ab)*(ab) = e

Now,
(ab)(b™'a™) = a(b(b*a™")) [By associativity in G]

=a((bbHa ') =alea™') =e

By the same argument, one can show that:
(b 'a ') (ab) = e
It follows that:
(ab)(b"'a™ ') = (b'a ) (ab) = e = (ab)' =b"ta!

This completes the proof.
Proof (6): Given that G is a group and a,b € G. To show that the equations ax = b
and ya = b have unique solutions in the group G.

Clearly, a='b, ba™! € G and a™'b is a solution of the equation ax = b since:
a(a™'b) = (aa b=eb=0b
If possible, suppose that the equation ax = b has two solutions x1, x5 € GG such that:
ar;=b and axy =0 — ax1 = axy

= 21 =2y [By left cancellation law]

It follows that the equation ax = b has a unique solution in the group G.

By the same argument, one can see that ba~!

is a solution of the equation ya = b in
G, and the solution is unique.

Definition 2.3.1: The number of distinct elements of a group G is said to be the
order of the group, denoted by |G]|.

If the order of a group is not finite, we say that it is an infinite group or a group of
infinite order.

For instance, the additive group of integers Z is an infinite group, while the group:
U(10) ={1,3,7,9}

(the set of those numbers which are co-prime to 10) under multiplication modulo 10 is a
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finite group of order 4.
In general, for any positive integer n, the order of the group U(n) is given by ¢(n),

where ¢ is Euler’s totient function defined as:

1, ifn=1
p(n) = ,
m, ifn>1
where m is the number of positive integers relatively prime to n.
Definition 2.3.2. The order of an element a in a group G is the smallest positive

integer n for which a™ = e and it is denoted by |al.

laj]=n <= a"=e andif a™ =e then n<m

Remark 2.3.3. One must note that in a group G, for an element a, if a™ = e, then
we can conclude that |a| < n. To conclude |a| = n, we must prove that n is the least
positive integer for which a" = e.

Remark 2.3.4. The order of the identity element in a group is always considered to
be 1.

Remark 2.3.5. In case of an additive group G and for an element a € G:
la| = n <= n is the least positive integer such that na =0

Example 2.3.6: Order of Elements in U(15)
Determine the order of each element in the group U(15) under multiplication modulo
15.
We know that:
U(15) ={1,2,4,7,8,11,13,14}

For the element 2 € U(15):
2 (modl15) =2, 2*(modl5) =4, 2°(modl5) =38, 2*(modl5)=1

It follows that 2| = 4.
For the element 4 € U(15):

4 (mod15) = 4, 4? (modl15) = 1

It follows that [4]| = 2.
For the element 7 € U(15):

7(modl5) =7, T7*(modl5) =4, T7°(modl5) = -2, T7*(modl5)=1
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It follows that |7| = 4.
For the element 8 € U(15):

8 (modl15) =8, 8%(modl5) =4, 8 (modl5) =2, 8*(modl5)=1

It follows that |8| = 4.
For the element 11 € U(15):

11 (mod15) = 11, 11* (mod15) = 1

It follows that |11]| = 2.
For the element 13 € U(15): we have

13 (mod15) = =2, 13%(mod15) = 4, 13*(modl15) = —8, 13*(mod15) = (—2)(—8) (modl15) = 1
It follows that |13]| = 4.
For the element 14 € U(15): we have
14 (mod15) = —1, 14% (mod15) = 1
It follows that |14]| = 2.
Thus, for the elements in the group U(15), the orders of the elements are given by:

I1|=1, [2/=4, [4]=2, |7|=4, [8]=4, |[11]=2, |13|=4, |14|=2
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Remark 2.3.7. One can note that the order of each element of the group U(15)
divides the order of the group.

Example 2.3.8 Determine the order of each element in the additive group Zy =
{0,1,2,---,9} under addition mod 10.

Remark 2.3.9. One will find |1| = 10 = |9|. This little information will help us in

near future during our journey.
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2.4 Subgroup

A nonempty subset H of a group G is said to be a subgroup of the group G if H is itself
a group under the binary operation in the group G and we denote it by H < G.

Remark 2.4.1. In case of the identity element e of the group G and H = {e}, then
H < G what we call the trivial subgroup of the group G.

In case H < G and H # {e}, we say that H is a nontrivial subgroup of the group G.

Remark 2.4.2. In case H < G and H # G, then H is said to be a proper subgroup
of the group G and we denote it by H < G.

As we know, the set of integers Z is an additive group and Z,, is also an additive group
under addition mod n. However, Z, is not a subgroup of Z. Please note that neither
Z,, € Z nor the binary operation in Z,, is the same as that in Z.

One can easily verify that H = {1, —1,4, —i} is a subgroup of the multiplicative group
C* =C\{0}.

Theorem 2.4.3.(One step subgroup test)

Suppose that H is a nonempty subset of a group G. If for any a,b € H, ab™' € H then
H<G.
Proof. It is given that H # ); therefore, there exists a € H. It follows that:

aa” ' =e € H.

In other words, H contains the identity element e of the group G.
On the other hand, e,a € H = ea! = a~! € H. It follows that H contains the
inverse of each element in it.

For any a,b € H, we have:
a,b€ H = a,b"' € H (Since H contains the inverse of each element in it).

Therefore,
ad ) t=abe H (0" =0).

It follows that H is closed under the binary operation in the group G.

Since the binary operation in H and G are the same, and the elements of G satisfy
the associative property, the associative property in H is hereditary.

It follows that H is itself a group under the binary operation in G, as a result of which
H<G@.
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Theorem 2.4.4. (Two Steps Subgroup Test)
Suppose that H is a nonempty subset of a group G. If for any a,b € H, ab € H and
a~! € H whenever a € H, then H < G.

Proof. It is given that H is a nonempty subset of the group GG which is closed under
the binary operation in the group G and the inverse of each element in H is again an

element in H. We now have,

a€eH = a,a'teH

aa”' =e € H [By the closure property of H]

Since the binary operation in H and G are the same and the elements of G satisfy
the associative property, therefore, the associative property in H will be hereditary true.

It follows that H is itself a group under the binary operation in the group G, as a
result of which H < G.

Theorem 2.4.5. (Finite Subgroup Test)
Suppose that H is a finite subset of a group G. Then H is a subgroup of G if H is closed
under the binary operation of G.

Proof: As it is given that H is closed under the binary operation in the group G, for
any a (# e) € H, the sequence

a,a’,a® ... € H

Since H is finite, all the elements in this sequence cannot be distinct. Suppose that for
some integers ¢ > j, we have
d=ad = a7 =e

Thus,

j—1

a-a 7 l=e = a7 t=d"7 e H

Since a # e and a'~7 = e, it follows that i — j > 1.
In the case a = e, since the identity element has its own inverse, clearly e = a~! € H.

Therefore, each element of H has its inverse in H. It follows that H is a subgroup of
G, that is, H < G.
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Theorem 2.4.6.
Let G be a group. Then for any a € G,

(a) ={a" [ n € Z}

is always a subgroup of the group G.
Proof:
Clearly, a € (a) and therefore (a) is a nonempty subset of the group G.
For any =,y € (a), there exist m,n € Z such that = a™ and y = a™.

Now, we have
zy ' =a™(a")' =ad™ " € (a) (sincem,n€Z = m—necZ)

It follows that (a) is a subgroup of the group G.
Remark 2.4.7. The subgroup (a) is said to be a cyclic subgroup of the group G

generated by the element a and a is said to be a generator of the cyclic group (a).

Remark 2.4.8. For any a',a’ € (a) we have
a'a =at =dt =dd".

It follows that a cyclic group (a) is always an abelian group.

Remark 2.4.9. One must note that a cyclic group may have more than one generator.
For instance, let us consider the additive group Z, under addition mod n.
We know 1 € Z,, and:

n=1+1+---+1 (n times)

Thus:
n+1=1 (modn), n+2=2 (modn), andsoon.

It follows that:

On the other hand, consider n — 1 € Z,,. We now have:
2n—1) modn=(n+n-2) modn=n-—2,

3(n—1) modn=(n+n-3) modn=n-—3,

(n—1)(n—1) modn=(n*—-2n+1) modn =1,
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n(n—1) modn = (n>—-n) modn =0.

It follows that:
Zp = (1) = (n —1).

Definition 2.4.10. The center Z(G) of a group G is the subset of elements of the

group G which commutes with all other elements of the group G.
Z(G)={a€G|azr =za, Yz € G}

Remark 2.4.11. Since the identity element e commutes with all elements of the

group G, therefore e € Z(G) and hence Z(G) is a nonempty subset of the group G.
For any a,b € Z(G), we have

(ab)x = a(bx) = a(zb) = (ax)b = (xa)b = z(ab), Vre G

It follows that Z(G) is closed under the binary operation in the group G.
Further, for any a € Z(G) and for any « € GG, we have

ar = ra = a '(ax)a”' =a '(rva)a™' (Pre and post multiplying by a™")

(a ta)ra™ = a tw(aa™)

It follows that ¢~ commutes with all elements of the group G and consequently a=! €
Z(@Q).

Hence, Z(G) < G.

Remark 2.4.12. A group G is abelian if and only if Z(G) = G.

Definition 2.4.13. For any fixed element a € G, the centralizer of the element a is
defined as the set of those elements of the group G which commutes with the element a,
and it is denoted by C(a), i.e.

C(a) ={g9 € G| ga=ag}

Remark 2.4.14 From the definitions, it is clear that Z(G) C C(a).
Further, the identity e € C'(a) and hence C'(a) is a nonempty subset of the group G.
For any g € C(a), we have

ga=ag = g '(ga)g ' =g '(ag)g™' (Pre and post multiplying by g~ ')

gfla — agfl
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It follows that the inverse of each element of C(a) lies in C'(a).
For any g, ¢ € C(a), we have

(99 )a = g(g'a) = g(ag’) = (ga)g’ = a(gy’)

It follows that C(a) is closed under the binary operation in the group G.
Hence, C(a) < G. Further, one can conclude that

Z(G) < Cla) <G

*okx



Conclusion

In this dissertation, we have examined the basic building blocks of groups and subgroups,
the foundation of abstract algebra. Starting with the concept of binary operations and
their fundamental properties such as associativity, commutativity, and the existence of
identity and inverse elements, we established a systematic study of group structures.

The study of groups reveals profound insights into algebraic structures where symme-
try and operations under specific regulations play a central role. Using examples such as
additive groups of integers, multiplicative groups of units under modular arithmetic, and
cyclic groups, we illustrated the formation and key characteristics of groups. The concep-
tion of subgroups, whether trivial or non-trivial, facilitates further analysis by considering
subsets that themselves retain the group structure.

Furthermore, we explored critical subgroup tests, including the one-step, two-step,
and finite subgroup tests, which provide essential tools for identifying subgroups effec-
tively. We also discussed central concepts such as cyclic groups, centers of groups, and
centralizers, which help uncover the internal structure and symmetry within groups.

In summary, the study of groups and subgroups not only enhances our understanding
of algebraic structures but also lays the groundwork for more advanced mathematical
topics, such as rings, fields, and their applications in areas like cryptography, physics,
and beyond. Throughout this dissertation, we have presented a comprehensive overview
of these concepts, paving the way for further study and research in the exciting domain

of abstract algebra.
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