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1. Introduction

Group theory is a fundamental division of abstract algebra that investigates the algebraic
structures called groups. A group is a set together with a binary operation that adheres to
associativity, the existence of an identity element, and the possession of an inverse for each
element. These basic properties give rise to a deep structure for studying symmetry and
transformations throughout mathematics and science.

This paper starts with simple definitions and examples, from everyday number systems to
more abstract structures such as matrix groups and free groups. We find our way through
cyclic groups and their properties, and then look at subgroups, cosets, and the key result of
Lagrange's Theorem that relates the order of subgroups to the order of the parent group.

Additionally, we explore normal subgroups and quotient groups, followed by group
homomorphisms and isomorphisms that facilitate the classification and comparison of group
structures. The group concept of generators and relations is used to have a concise
description of groups and build new groups.

In the later parts, we tackle creative uses through the use of homophones and topological
arrangements in problems. Lastly, we explore permutation groups, their cycle
representation, and properties.

Aside from theoretical construction, group theory has a fundamental application in
contemporary mathematics and physics. It is the basis of Galois theory, which describes
polynomial equation solvability, and supports symmetry operations in quantum mechanics
and crystallography. Groups in computer science are applied in cryptographic processes and
automata theory. Automorphism groups are used to classify mathematical structures
according to their internal symmetries. Moreover, the abstract nature of groups allows for
cross-disciplinary connections, unifying algebra with geometry, topology, and number
theory. Group theory, therefore, is not just a field of study, but also a universal language for
various scientific investigations.

Group theory also gives insight into symmetry behavior in nature and art. From Islamic art's
tessellations to molecular and crystal structure, groups formalize and classify repetitive
patterns. In music theory, group structures define transpositions and inversions of chords
and scales. In computer graphics and robotics, transformation groups govern rotations and
movements of objects. Group theory's universality makes it an indispensable tool in
modeling and solving problems in these and many other fields. Its abstract beauty coupled
with everyday usability continues to stimulate mathematicians, scientists, and engineers
alike in both theoretical investigations and practical innovations.



2 Groups

Definition 1.1. A group (G, *) is a set G with a binary operation * that has three
requirements satisfied:

1. Associativity: a * (b= c) = (a * b) = ¢ for all elements a, b, c € G.

2. ldentity: there is an element e € G in which a x e = e * g = g for all elements
of G. The identity for groups under multiplication is 1, under addition it is O.

3. Inverse: For every element a € G, there is the inverse of a (let’s say b) that
satisfiesaxb=bxa=e.

Remark. Usually, the group operation * will be multiplication, so we will often just
omit writing *.

Example 1.2. The group (Z/nZ, +), which is the set {0,1,2,...,n - 1} under
addition taken modulo n, is a group under addition because it satisfies all 3 require-
ments. First, it is associative because addition is associative. The identity is 0 and the
inverse of xisn — x.

Example 1.3. The group {1, 3, 7,9} (mod 10) is a group under multiplication be- cause
it fulfills all the three requirements above. For multiplication the identity is 1, which
is included in the set. Associativity is fulfilled since multiplication as an operation
itself is associative, and the inverse requirement a * b = b x a = e is also true for all
elements.

Example 1.4. The group {1, 2, 4, 7, 8,11, 13, 14} (mod 15) is a group under multi-
plication as well, for the same reasons as above.

Example 1.5. The real numbers under addition, denoted by (R, +) is a group. In
this case, the identity would be 0 since the identity for addition is always 0. Under
addition, the inverse of an element x is just —x.



Example 1.6. The rational numbers under addition, or (Q, +) is also a group for
similar reasons.

Example 1.7. Integers under addition (Z, +) is a group because it conforms to all
group requirements.

Example 1.8. The set Matz(R) is a group under addition because the identity is

. 0O . a b . -a -b
the zero matrix and the inverse of an element is }
00 c d —-c —-d

Example 1.9. However, GL(2, R) is a group under multiplication because it fulfills all
the requirements for groups listed above. Matrix multiplication is associative. The

multiplicative matrix identity is vlvhich is in GL(2, R). The inverse of

0
0'
a 2 by 2 matrix ac bd is 1 (ic _ba .

Example 1.10. The free group on two elements ( g, b) consists of all words formed
by a, b, a1, b~1. It is associative because it is essentially concatenation of words. The
identity is the empty word, usually denoted e. The inverse of every word can be
formed by reversing the order and then taking the inverse of each letter.

Remark. The free group with two elements is not commutative.
Remark. A similar process can be applied to a free group on three elements ( a, b, c) .

Non-example 1.11. However, the natural numbers under multiplication (N, x) is not
a group because it is not closed for inverses.

Non-example 1.12. The set Mat,(R) is not a group under multiplication because not
. . 00 e

every matrix has an inverse. For example, does not have a multiplicative

inverse because the determinant is 0.

Definition 1.13. We define the order of G to be the number of elements in G, and
write it as |G].

Definition 1.14. The order of an element g € G is defined to be the smallest
positive integer n such that g" = e, the identity in G. We write this as ords(g).

Proposition 1.15. For any group element a, a* = e if and only if ords(a)|k.

Proposition 1.16. /f a and b are elements of a finite group G and ab = ba, ords(ab)
divides ordg(a) - ords(b).

Example 1.17. The order of the identity in any group is always 1, because el = e
already.

Example 1.18. The order of 1 in Z/nZ under addition is n because n is the smallest
positive integer k, such that adding k 1’s gives you 0.

Example 1.19. From Example 1.4, the order of 2 in the group is 4 because 4 is the
smallest positive integer k such that 2 = 1 (mod 15).

Example 1.20. The order of any elementin ( a, b) which is not identity (see Exam-

ple[1.10) is infinity.



3 Cyclic groups

Definition 1.21. Cyclic groups are a special type of group in which every element can
be written as iterated copies of a single element a, called a generator of G. For
example, if the operation is multiplication, then every element is a power of a. A
cyclic group G generated by a is written as G = ( a) .

Proposition 1.22. Subgroups of cyclic groups are cyclic as well.
Proposition 1.23. For any group element a € G, ords(a) = |( a) |.

Proposition 1.24. In a finite cyclic group, the order of an element divides the
order of a group.

Remark. Cyclic groups can be finite or infinite, however every cyclic group follows
the shape of Z/nZ, which is infinite if and only if n = 0 (so then it looks like Z).

Example 1.25. The group Z2/6Z = {0, 1, 2, 3, 4,5} (mod 6) is a cyclic group, and
cyclic subgroups generated by the following elements are listed below:

« (1) ={1,2,3,4,5,0} = Z/6Z.

(2) ={2,4,0}.

(3) ={3,0}.
(4) ={4,2,0}.

( 5) = {5/ 4/ 3/ 2; 1, O} = Z/GZ

( 0) ={0}, only has one element.

Remark. Notice that the cyclic subgroups 1 and 5 generate the entire group which means
that they are the generators of this group.

Example 1.26. The group Z/7Z2={0, 1, 2, 3,4, 5, 6} (mod 7) is a cyclic group for
similar reasons. In Z/7Z every nonzero element generates the group and thus can
be considered a generator.

To generalize the previous two examples, we have the following.

Proposition 1.27. The group Z/nZ is cyclic under addition. The generators of
this group are all integers x such that x is relatively prime to n.



4 Subgroups and Quotient Groups

4.1 Subgroups

Definition 2.1. A subgroup is a subset H of a group G that is closed under the
operation of G, inverses, and contains the identity. It then becomes a group in its
own right. Note that associativity is inherited from the parent group and the other
two axioms are verified by definition.

Example 2.2. In Z/10Z, the subset {2, 4, 6, 8, 0} is a subgroup under addition because
the identity exists and is 0 and the inverse of 2 is 8 and the inverse of 4 is
6. It is also associative because addition is associative.

Example 2.3. The subset 0,2,4,6 c Z/8Z is a subgroup (under addition) since
it has identity, inverse, and associativity. Alternatively, we may use the Finite
Subgroup Test, see below.

Example 2.4. The subset 1, 4 c (Z/5Z)* is a subgroup as it fulfills all the require-
ments.

Example 2.5. Another example similar to the previous one is the subset 1, 5,7, 11
(Z/122Z)~.

Example 2.6. The subset Qso, which is the multiplicative group of positive rational
numbers, is a subgroup of (R, %), the multiplicative group of positive real numbers.
This is because the identity of Qo is 1 and the inverse of x € Qo is 1/x, which is still
a positive rational number. Multiplication is also associative.

Non-example 2.7. The positive integers are not a subgroup of Z, which is the
additive group of integers. This is because the inverse of 2 is -2, which is not in
the positive integers and thus, every element does not have a inverse.

a b .
Non-example 2.8. The set 4 where g, b, ¢, and d are all positive real numbers
c

is not a subgroup of MatZ(R) because the identity, which is the zero matrix

is not in the set.
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It turns out that it’s easy to check if finite subsets are subgroups.

Proposition 2.9. The Finite Subgroup Test shows that if H is a nonempty finite subset
of a group G and if H is closed under the operation of G, then H is a subgroup of G.

The idea is that for any element h € H, we may take all of its powers. Since they
are all in H but H is finite, they must start repeating, so h? = h® for a/= b and
we have that h has finite order and hence an inverse in H.

Proposition 2.10. Let G be a group and let a be any element of G. Then, ( a) is a
subgroup of G.

Definition 2.11. The center, Z(G) of a group G is the subset of elements in G
that commute with every element in G:

Z(G) ={a € G|ax = xa for all x € G}.
Proposition 2.12. The center of a group G is a subgroup of G.

Proof. The identity e is in Z(G). In addition, if a, b € Z(G), then (ab)x = a(bx) =
a(xb) = (ax)b = (xa)b = x(ab) for all x in G. Thus, ab € Z(G). Lastly, if a € Z(G),
then

xa=! =exal,
= alaxa},
= a Yax)a?,
= aY(xa)a?,
= ax(aa™?),
= axe,

= ax.

Thus, a-! € Z(G) for all a € Z(G). H

Somewhat weaker than the condition that an element must commute with every
element of G, is the condition that it only must commute with some specified element
of G.

Definition 2.13. Let a be a fixed element of a group G. The centralizer of a in
G, C(a), is the set of all elements in G that commute with a. In other terms, C(a)

={g € G | ga = ag}.

Proposition 2.14. For all a in a group G, the centralizer of a is a subgroup of G.

12



4.2 Cosets

Definition 2.15. Let G be a group and H be a nonempty subset of G. For any
a € G, the set {ah|h € H} is denoted by aH and is called the left coset; the right coset
Ha is defined similarly.

Proposition 2.16. The coset aH = H if and only if a € H.

Proof. Suppose aH = H. Then, a = age € aH = H. Next, we assume that a € H. aH
€ H and H 2 aH are both true. The former is true because H is closed. The
latter is through the following proof. Let h € H, then a~*h € H and because h =
eh = (aa~')h = a(a~'h) € aH. Thus, aH = H. ]

Proposition 2.17. We have that aH = bH if and only if a € bH.

Proof. If aH = bH, then a = ae € aH = bH. If a € bH, then a = bh for some
h € H, and therefore, aH = (bH)H = b(hH) = bH. O

Proposition 2.18. The cosets are either disjoint or coincide completely: aH = bH
or aH N bH = @.

Proof. If there is an element ¢ in aH N bH, then cH = aH and cH = bH. ]

Proposition 2.19. A coset aH is a subgroup of G if and only if a € H; i.e., the
only coset which is a subgroup is the identity coset H.

Proof. If aH is a subgroup, then it contains e. Thus, aH N eH/= @ and as a result
aH = eH = H. This means that a € H. If a € H, then aH = H. ]

Example 2.20. The cosets of H = {0, 3, 6} in Z/9Z are:

*0+H=3+H=6+H={0,3,6);
c1+H=4+H=7+H={1,4,7}
*«2+H=5+H=8+H={2,5,8)}.
Example 2.21. Thecosetsof H={...,-4,0,4,8,...}=4Zin (Z, +) are
*0+H={..,-4,0,48, ...}
e1+H={..,-3,1,509,...}
«2+H={..,-2,2,610,...};
*3+H={..,-1,3,7,11,... }.

Notice that these cosets act like the group Z/4Z.

13



4.3 Lagrange Theorem
One very crucial result in basic group theory is Lagrange’s theorem.
Theorem 2.22 (Lagrange). If G is a finite group and H is a subgroup of G, then:
1. |H| divides |G|

2. The number of distinct left (also, right) cosets of H in G is |G|/|H]|

4.4 Normal Subgroups

Definition 2.23. A subgroup H of a group G is called a normal subgroup of G
if aH = Ha for all a in G. Note that every subgroup in an abelian group is normal!

Proposition 2.24. The following conditions are equivalent:
4.4.1 H is a normal subgroup of G.
4.4.2 gHg' € H for all g € G.

4.4.3 The normalizer of H in G (the set of elements whose conjugation action
pre-serves H) is G, i.e. Ng(H) = G.

4.4.4 There exists a homomorphism @ from G to another group such that H
= ker(¢p).

Example 2.25. Let H = 1. Then by (2) the trivial subgroup is always a normal
subgroup of any group G. This is because gHg~! will be {glg-'} = {1} = H, which
is a subset of H.

Example 2.26. Let H = G. Then by (2) the whole group is always a normal
subgroup of any group G. This is shown by gHg! = gGg! = G = H.

Example 2.27. The group SL(2, R) of 2x2 matrices with determinant 1 is a normal
subgroup of GL(2, R) (the group of 2 x 2 matrices with nonzero determinants). If
x € GL(2,R)and h € SL(2, R), then det(xhx~1) = (det x)(det h)(det x)~! = (det
x)(detx)~1 = 1. Thus, xhx ! € H and therefore, xHx"1 € H.

14



Example 2.28. The center Z(G) of a group is a normal subgroup because for every
a € G and h € Z(G), ah = ha (by definition).

Example 2.29. The alternating group A, of even permutations is a normal sub- group
of Sn.

4.5 Quotient Subgroups

Definition 2.30. Let G be a group and let H be a normal subgroup of G. The set
G/H = {aH|a € G} is a group under the operation (aH)(bH) = abH.

Remark. Note that this is note true if H is not normall

Example 2.31. Let 4Z = {0, +4, +8,...} © Z, as in Example The quotient
group consists of the cosets of 4Z in Z, which in turn behave like the elements 0, 1, 2, 3
modulo 4. The quotient group is Z/4Z, which matches our usual description of this

group.
Example 2.32. Let nZ = {0, =n, +2n,...} € Z. Then the quotient group Z/nZ is
{0+nZ,1+nZ,2+nZ,3+nZ,..,.n—1+nZ}={0,1,2,...,n—1} taken modulo
n.

Example 2.33. Let S, be the permutation group and A, € S, be the alternating

group (of even permutations). Then S,/A, = {+1} = Z/2Z with the identification
given by the sign of the permutation.

5 Group Homomorphisms

Definition 3.1. A homomorphism ¢ from group G to a group G is a function
that preserves the group’s operation. The following requirements must be satisfied:

1. ¢(ab) = ¢(a)¢p(b) and for all a, b € G.
2. The identity maps to identity, i.e. ¢(eqs) = eq'.

Definition 3.2. The kernel of a homomorphism ¢ from group G to a group G
(with identity e) is the set
{g€G|olg)=e}

Remark. For subgroups as well, many of its original features are preserved under
the image of a homomorphism. For instance, if H is abelian, then ¢(H) is also
abelian. If H is normal in G, then ¢(H) is also normal inside ¢(G).

Proposition 3.3. If ¢ is a group homomorphism from G to G then ker¢ is a
normal subgroup for G. Conversely, every normal subgroup is the kernel of some
group homomorphism from G (to varying targets).

Proof. We want to show that axa=! € ker ¢, i.e. that ¢p(axa?) = e, for x € ker ¢
and any a € G. But we have ¢(axa?t) = ¢p(a)p(x)p(a?) = ¢p(a)ep(a)t = e, so ker
¢ is a normal subgroup.

Conversely, a normal subgroup N of G satisfies the condition that the cosets G/N

15 O



form a group. Therefore in the canonical map G —» G/N, the kernel is N, so N is
indeed the kernel of some homomorphism.

16



We now list some properties of groups under homomorphisms.

Proposition 3.4. Let ¢ be a homomorphism from a group G to a group G' and let
g be an element of G. Then the following statements are true.

~

5.

6.

¢ carries the identity of G to the identity of G.

®d(g") = @d(g))" forall nin Z.

If |g| is finite, then |p(g)| divides |g|. If |G| is finite, then |p(g)| divides |g|
and |p(G)|.

ker ¢ is a normal subgroup of G
¢(a) = d(b) if and only if ab=! € ker ¢.

If p(g) =g, then ¢~(g') ={x € G | p(x) =g’} = gkerd.

We have some additional properties of subgroups under homomorphisms.

Proposition 3.5. Let ¢ be a homomorphism from a group G to a group G and let
H be a subgroup of G. Then the following statements are true.

1.

2
3

R

ol

10.

¢(H) = {¢p(h) | h € H} is a subgroup of G

. If H is cyclic, then ¢(H) is cyclic.

. If H is abelian, then ¢(H) is abelian.

If H is normal in G, then ¢(H) is normal in ¢(G) (but not necessarily G'!).
If | ker ¢| =n, then ¢ is an n to 1 mapping from G onto ¢(G).

If H is finite, then |@(H)| divides |H]|.

®(Z(G)) is a subgroup of Z(¢p(G)).

If K' is a subgroup of G' then ¢~(K')={k € G | (k) € K'} is a subgroup
of G.

If K' is a normal subgroup of G, then ¢~YK') ={k € G | ¢p(k) € K'} is a
normal subgroup of G .

If ¢ is onto and ker ¢ = {e}, then ¢ is an isomorphism from G to G.

Example 3.6. The function f : G - H defined by f(g) = 1 for all g € G is a
homomorphism. This is also called the “trivial homomorphism,” and it shows that
G is a normal subgroup of G.

17



Example 3.7. An example of a homomorphism is the mod 3 map Z — Z/3Z. This
can be seen since x+y (mod 3) = x (mod 3) + y (mod 3); for instance, 5+ 2 (mod
3) =1and 5 (mod 3)+ 2 (mod 3) = 1 as well. Clearly, identity maps to
identity since 0 maps to 0 (mod 3) = 0.

18



Example 3.8. The determinant map det : GL(2, R) - R*, where matrix A '=

detA is a homomorphism because the identity matrix maps to 1 and

1
01
det(A) det(B) = det(AB).

Example 3.9. The nth power map f : Q* — Q* defined by f (x) = x" is a group
homomorphism because 1'— 1 and f(xy) = (xy)" = x"y" = f(x)f(y).

Example 3.10. The absolute value function f : C* - R is a homomorphism for
similar reasons.

Non-example 3.11. The function f: Z — Z defined by f(x) = x+ 1 is not a
group homomorphism since f(x+y) =x+y+1/=f(x) + f(y) =x+y + 2.

Non-example 3.12. The function f: Q* — Q> is defined by f(x) = 3xis nota group
homomorphism because f(xy) = 3xy/= f(x) - f(y) = 9xy.

Non-example 3.13. The function f : Z — Z is defined by f(x) = x? is not a group

homomorphism because f(x+y) = (x+y)2 = x2+2xy +y?/= x2+y? = f(x)+f(y).

Non-example 3.14. The function f : GL(2, R) - R* sending a de '— b is not

10
a group homomorphism because the identity matrix, 0 1 '— 0, but the identity

of R*is 1, so the identity does not map to the identity. Furthermore, O does not
even exist in the group R*.

5.4 Group Isomorphisms

Definition 3.15. An isomorphism is a group homomorphism that is bijective. For
such a homomorphism G - G, we say that G and G’ are isomorphic.

Generally, a group G can be proven to be isomorphic to group G’ through the
following three steps:

(1) Mapping: Determine a candidate for the isomorphism; define a homomorphism
¢ from group G to group G'.

(2) Injective: Prove ¢ is injective, so that no two elements map to the same element
inG.
(3) Surjective: Prove that ¢ is surjective, so that for any element g’ in G, we can

find an element g in G such that ¢(g) = g'.

Theorem 3.16 (First Isomorphism Theorem). Let ¢ be a group homomorphism from
G to G. Then the mapping from G/ ker ¢ to ¢(G), given by g ker ¢ '= ¢p(g) is an
isomorphism.

Corollary 3.17. If ¢ is a homomorphism from a finite group G to G, then |G|/| ker ¢| =
|p(G)].

Corollary 3.18. If ¢ is a homomorphism from a finite group G to G, then |¢(G)|
divides |G| and |G|.

19



Proposition 3.19. Let ¢ : G — G be an isomorphism. Then the following state- ments
are true.

1. ¢ carries the identity of G to the identity of G.

2. For every integer n and for every group element a in G, ¢(a”) = [¢(a)]”, or
in the additive form, ¢p(na) = n¢(a).

3. For any elements a and b in G, a and b commute if and only if ¢(a) and ¢(b)
commute as well.

4. G={(a) ifandonly if G'={ ¢(a)) .
5. Isomorphisms preserve orders, as ords(a) = orde(¢p(a)) forall a in G.

6. For a fixed integer k and a fixed group element b in G, x* = b has the same
number of solutions in G as x* = ¢(b) has in G'.

7. If G is finite, then G and G have exactly the same number of elements of
every order.

8. ¢'is an isomorphism from G’ to G.
9. G is abelian if and only if G' is abelian.
10. G is cyclic if and only if G' is cyclic.
11. If K is a subgroup of G then ¢(K) = {¢p(k) | kK € K} is a subgroup of G.

12. If K' is a subgroup of G' then ¢=*(K') ={g € G | ¢(g) € K'} is a subgroup
of G.

13. P(2(G)) = Z(G).

In other words, if two groups G and G are isomorphic, we can really think about
them as the same group, with the identification given by the isomorphism.

Definition 3.20. An automorphism of G is an isomorphism from a group G to
itself.

Definition 3.21. Let G be a group and let a € G. Then, the function ¢, defined
by ¢a(x) = axa! for all x in G is called the inner automorphism of G induced by
a, and is an automorphism of G.

Proposition 3.22. The set of automorphisms of a group Aut(G) forms a group (under
the operation of function composition), and the set of inner automorphisms of a
group Inn(G) forms a subgroup of this group.

Remark. The group Aut(G) was first studied by O. Holder in 1893 and also inde-
pendently by E.H. Moore in 1894.

Proposition 3.23. For every positive integer n, Aut(Z/nZ) is isomorphic to (Z/nZ)*.

Theorem 3.24 (Cayley 1854). Every finite group is isomorphic to a subgroup of a
permutation group.
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Example 3.25. Let G be real numbers under addition (R, +) and let G' be the
positive real numbers under multiplication, (R, ). Then G and G are isomorphic
under the mapping f (x) = e*. It is one-to-one since e* = e¥ — log e* = log e’, thus
x=1y. To prove onto, we must find a value such that f (x) = y will be fulfilled. This
value is logy. Finally, it is operation preserving since f(x+y) = elx+y) = e*- e’
= f(x)f(y). Thus, it is an isomorphism.

Non-example 3.26. The mapping from R under addition to itself mapped by
f (x) = x3 is not an isomorphism since it is not operation preserving. In other
words, (x + y)¥= x3 + y3 for certain values of x and y.

6 Generators and Relations

Definition 4.1. Let S be some (finite, for now) set of symbols. The words formed
by S are just finite-length concatenations of s and s~* for all s € S.

Example 4.2. Suppose S = {x}. Then some examples of words are xx~!x, x, and
x4

Example 4.3. Suppose S = {a, b}. Then some examples of words are abaa!b,
aba'ab!, and a3b~>a2.

There’s one minor problem with words: xx~! should not be any different that the
empty word. We’ll remedy that by putting the following equivalence relation of
words.

Definition 4.4. For any words u, v of S, we say that u ~ v if v can be obtained
from u by a finite sequence of insertions or deletions of words of the form xx-1 or
xx where x € S.

Proposition 4.5 (Equivalence classes form a group). Let S be a set of distinct
symbols. For any word u, let W, denote the set of all words on S equivalent to u.
Then the set of all equivalence classes of elements is a group under the operation
u' *Vv =uv. This is called the free group on S.To state it again:

Definition 4.6. The free group on elements {xy, ..., xn}, denoted by { x1, x2, ...,
Xn) , consists of all finite-length words formed by xi, X, ..., Xs, x°%, x7%, ..., x1 under
the

equivalence class described above.

1 2 n

Proposition 4.7. The free group on one element is Z.
Example 4.8. For an example of a free group with two elements, see example 1.10].
Example 4.9. A free group with three elements would be ( a, b, c) .

Definition 4.10. Consider the free group on n elements, x1, x2, ..., Xn. Letri, ra, ..., rm
be elements in this group (these are just words). The group { x1, X2, ..., Xn | r1, 2, ...,
rm) is the quotient we get by setting each ri equal to identity. Simply put, the
presen- tation of a group, G, is an expression of G in terms of generators and
relations.
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v,

Remark. We can also describe the prior group by considering the smallest normal
subgroup N containing ri, ..., rm. Then

( X1, X2, ..., Xn | ry,ra,..., I‘m> = < X1, . . .,Xn> /N.

Theorem 4.11. Every group is a homomorphic image of a free group. In other words,
every group has a presentation in terms of generators and relations.

Proof. Every group has presentation ( {x, | g € G} | XoXg' = X49'Vg, g € G) . (Note
that the number of generators and relations may be infinite). We are essentially
taking a generator for every element of G, as we don’t know which elements generate
G. In addition, we impose a relation among the generators for every relation between
elements of G. O

Remark. The construction above results in a large amount of relations to check by hands.
Generators and relations are important because they allow us to determine how many
homomorphisms exist between two groups without checking all necessary relations
between all elements.

Proposition 4.12 (Dyck). Let G = {( a1, 02, ..., an|w1= w2 = ... = w: =€) and let
G =(01,02 .., 0/ W1=W2=..=Wt=Wn1=..=Wu=¢€). Then G is a
homomorphic image of G.

In other words, we can really think about generators and relations as taking
elements which generate a group, subject to conditions/relations that the generators
must satisfy. Dyck’s theorem tells us that by imposing more relations, we get a
guotient group! (So if we want more elements to be zero, we just have to quotient
them out.)

Example 4.13. The group Z/3Z has a presentation ( x | x> =e) . The x represents
the element 1, so x> = e just meansthat 1+ 1+ 1 =0 (mod 3).

Example 4.14. The group Z? has a presentation ( x, y | xy = yx) . The x and y
represent elements (1, 0) and (0, 1), and the relation xy = yx just means that x and
y commute, i.e. that (1,0)+ (0, 1) = (0, 1) + (1, 0).

Example 4.15. The symmetric group S: has presentation ( x1, x2, x3 | X = x> =
1 2

x3 = (x1x2)® = (x2x3)®> = (xx3)®> = e). The x; represents the transpositions
(i, i + 1).

Notice how these presentations are much simpler than in the constructive proof
of Theorem £.111

Interesting Problems

Lastly, we'll consider two interesting problems.
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7.4 Homophones

Let’s consider the free group generated by 26 generators, say a, b, ¢, d, ..., x, y, z.
Now impose the relations of homophones: that is, for every pair of words which are
homophones, set them equal (i.e. read and red, so read = red, where the generators
are being multiplied). What is this group?

Answer: There are many ways to arrive at the same answer. Here is one plausible
solution.

(1) by=bye == e=1

(2) see=sea == a=1

(3) buy=by == u=1

(4) fir=fur == i=1

(5) whole = hole == w=1
(6) hour=our == h=1
(7) in=inn == n=1

(8) knot =not == k=1
(9) die=dye == y=1
(10) ad=add == d=1
(11) all=awl == =1
(12) arc=ark == c=1
(13) ate =eight == g=1
(14) base=bass == s=1
(15) berry = bury == r=1
(16) boos =booze == s=1
(17) bat=batt == t=1
(18) check = cheque == g=1
(19) idle =idol == o=1
(20) lam =lamb == b =1
(21) coo=coup == p=1
(22) faze = phase == f=1
(23) genes =jeans == j=1

(24) flex = flecks == x=1

23



(25) gamma=gama == m=1

All letters except v are identity. According to Merriam Webster, there are also
no relations in v, so it turns out the quotient group is just ( v) = Z.

Remark. According to Prof. Etingof, there is a paper which claims that there is a
homophone which also uses v, which then implies that the group is actually trivial.
You can ask similar questions about alphabets in other languages as well.

7.5 Unraveling a string

Suppose we have two (infinitely tall) telephone poles. Pavel is a man of chaos and takes
a very strong metal chain and loops it around these telephone poles, then fuses the two
ends together. He needs a configuration so that you cannot simply pull the chains away
from the poles and drag them away; as is, they are knotted around the poles.

This can be done with the following configuration:

However, he is nice and allows that if they remove a single pole - any pole! - the
chain will fall away and can simply be removed from the remaining pole with no
problems. Can you find such a configuration? What about 3 poles? What about n poles?

For two poles:

Aloop (beginning and ending at this base point) going counterclockwise around the
left pole is denoted as a and a loop going counterclockwise around the right pole s
denoted as b.

x
J

base
point

Loops (beginning and ending at the base point, up to homotopy) form a group
by concatenation, with inverse being the reverse direction of the loop. This is called the
fundamental group: in this case, the group is {( a,b) . The inverse is given by

24



reversing the direction of the loop; for example, a=* is a clockwise motion around
the right pole and b™! is a clockwise motion around the left pole.
Let us reformulate the question in terms of group theory.

* Aloop is an element of this group ( a, b) .

= A loop that is entangled around the poles and cannot be removed is an element
that is not the identity.

* Removing the left pole is the same as setting a to be the identity element.
Similarly, removing the right pole is the same as setting b to be the identity
element.

* We must find an element x € ( a, b) that is not identity, but when either a or
b is set to identity, x becomes the identity.

One element that satisfies these conditions is aba-'b-!, shown below.

The expression aba='b=! represents a configuration that follows the requirments of
the problem. In the current state with two poles, the chain cannot be taken out.
However, when the pole on the right is removed, the expression becomes bb~?, which
can be simplified to 1. The same can be said about the other pole.

For three poles:
The concept is very similar, but we now have motion ¢, which is around the third
pole counterclockwise. The expression

(aba b Hc(aba b ) ict?

25



is the configuration for 3 poles. By taking out any one of the three poles, we see
that the expression reduced to just 1.

For n poles:

Let a1, az, ..., an be the generators of the fundamental group, where a; is the
counterclockwise loop around the ith pole.

Let xn,-1 be the solution representing n — 1 poles. The element xp-1a,x7t,_; a;}
represents the solution for n poles.

Why? When either one of the poles from 1 to n — 1 are removed, x,-1 becomes
the identity and the element becomes asg*, which is identity. If the nth pole is
removed, the element becomes x,-1x;2,, which is also identity.

Try drawing this out for n > 3: you will find it very hard to have discovered by hand!
Maybe group theory is quite useful after all.
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8 PERMUTATION GROUP

A bijection on a set S on to itself is said to be a permutation on the set S.
The collection of all permutations on a set S is denoted by A(S) ie

AS)={a| a:S -— S is a bijection}

This A(S) form a group under composition of mappings, what we call a per-
mutation group.

One should note that in the early and mid of 19th century, groups of per-
mutations were the only groups under the investigation of the then mathe-
maticians. In true test and colour the notion of an abstract group was first
introduced by mathematician Cayley during 1850 which took another quater
century to be in the limelight in the field of abstract algebra.

Suppose that S, be the collection of all permutationsonasetA={1,2,3,-:-, n}
containing n objects. Then for any a € S, we denote it as array form by,

1 2 3 ...n

= a(1) a2) a3) ...aln)

in which we place the image of each element in A under the permutation a
just below of it in the second row.

One must note that n number of choice for a(1) is available while n—1 number
of choice is available for a(2) and so on. Finally there will be only one choice
for a(n) will left.It follows that we can have n(n — 1)(n — 2)...3.2.1 = n!
number of permutations on the set A and hence | S, |=n!. Further the degree
of a permutation depends on the number of distinct elements of the set A.
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For instance the degree of a permutation in the group S, is considered to be n as
the set A contains n distinct elements.

Let us consider the permutations of degree 5 given by,

o= 1 2 3 45
53 4 2 1
and

G- 12345
h 4 3 5 1 2
onthesetA={1,2, 3,4,5}

We want to combine a and 8 to obtain a new permutation a8. One should
notice that (aB)(x) = a(6(x)) Vx € A. It follows that the action of 8 will

be followed by the action of a.

N~ U
AN WON
P W bhw
u b NP~
wu WU
B
w N
v w
=D
N U

- N —
Herel 8 4 a 2 and hence 1l a8 2.

In order to calculate a8 the notion what we have introduced is not unique.
Some one may calculate a8 by a8(x) = B(a(x)) Vx € A.lt means they will start
from left to write. However we shall strict on our own notion throughout our
journey.

Cycle notation: In order to specify a permutation some time(rather in all
time)we shall use cycle notation where we denote a permutation a of degree
8 by,

o = (a1, as, as, az)

Here in the cycle an element appeared is considered to be the image of the el-
ement which precedes it and the image of the last one is considered to be the

first one.For instance in the cycle considered [a1 a3 as o a7 d ail.

Those elements which are missing from the cycle (here a,, as, as, as)are con-
sidered to be fixed ie. (a(a2) = a2, alas) = as, oafas) = as, alas) = as ).

Acycle (a1, aa, ..., am) is said to be an m-cycle and m is said to be the length

of the cycle.

A 2-cycle ie. a cycle of length 2 is said to be a transposition.

Composition of cycles: We can combine any two cycles considering them
as two individual permutations and those elements which are not appearing
in the cycle as fixed elements.

28



Let us consider the permutations a = (1, 3,5, 6) and 8 = (2, 4, 7) of degree
8.Suppose we intend to calculate aB8. One should note that 1 is not appear-

%
ing in the cycle of 8 ie. 6(1) = 1 or equivalently 1 8 1 and in the cycle

_)
of a, 1 goes to 3 ie. 1 @ 3. It follows that 1 o83 and therefore the cycle
of aB will start like (1,3....). Nextl\)/e observe that 3 is not appearing in

the cycle of 8 3 is fixed by 8 ie. 3 8 3 and 3 goes to 5 under a for which
finally 3 goes to 5 under a8 and therefore the cycle of a8 will take the form

(1,3, 5,...). Continuing this ultimately we get,
aB6=(1,3,5,6)(2,4,7)

Definition 1. Any two cycles are said to be disjoint if they do have no ele-
ment in common.

Example 1. Prove that the symmetric group Ss is non-abelian.
Solution: the elements of the symmetric group Ss are given by,

123

€= = (1)(in cycle notation)
12 3
a= 123 =(1, 2, 3)(in cycle notation)
2 31
a’= 123 | (1, 3, 2)(in cycle notation)
312
86 = 123 = (2, 3)(in cycle notation)
1 3 2
aB = 123 =(1, 2)(in cycle notation)
213
o’B = 123 | (1, 3)(in cycle notation)
321
One can note that,
6a= T %3 —(1,3)=a6(=ab)
321

It follows that S3 is a nonabelian group of order 6.

Theorem 1. Every permutation on a finite set can be written as a cycle or
as a product of disjoint cycl
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Proof. Let o be a permutation on the finite set A={1,2,3,...,n}.
Suppose a1 be an arbitrary element of the set A and suppose that,

a(ai) = a2, a?(a1) =alaz)=as, ---

Since the set A is finite all the elements a(a1), a?(a1), a3(ai), - -+ can not be
distinct. It follows that for some 7/ > we must have,

a'(a1) = dd(a1) = a™(a1) = a1 where i—j=m
= alam) = a1

Thus a is expressible as.
o= (01,02,"',C7m)"'

In case all the elements in the set A appears in the cycle (a1, az -, am)
then we are through. If there exists an element bi(say) in the set A such that
bi/=a; Vi=1,2,3,---, m. then we proceed as above to have a situation
like,

Ol(bl) = bz, az(bl) = a(bz) = b3, cee, ak(b1) = b1

for some k > 0.
Thus we get,

a=(allazl"'Iam)(bllbzl...lbk)...

We claim that both the cycles appeared above are disjoint. On the contray
suppose that for some i >,

a;= b_/ = ai_l(al) = aj_l(bl)
= a’—f(al) = b1

=>ar=b1 where 1<st=i—j+1=m.

This contradicts our initial assumption that b1/= a; Vi=1,2,3,---, m..
This contradiction leads us to the conclusion that both the cycles are dis-
joint.

If all the elements in the set A appeared in both the cycles then we are through.
If not we proceed to obtain the third cycle and so on. Continuing this process
ultimately we can express the permutation a as product of dis- joint cycles.

This complete the proof.
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Theorem 2. If a pair of cycles o« = (a1, a2,-++,am) and 8 = (b1, by, , bn)
has no entries in common then a8 = Ba.

Proof. Suppose that a = (a1, a2, -+, am) and 8 = (by, by, - -+, by) are per-
mutationson the set S = {a1, a2, -+, am by, by, -+, by, C1,2, -+, ck} Where
a fixes the elements b's and c’s and 8 fixes the elements a’s and c’s.

1 1 1 1

Now for any a; € {a1, a, -+, am} we have,

aB(ai) = a(B(ai)) = alai) = ais1
and Ba(a;) = B(a(ai)) = B(ai+1) = ais1

It follows that a6 and Ba agree on the set {a1, az, *++, am}.

By the same set of arguments one can see that a8 andBa agree on the set
{b1, b, - -+, bn}.

Since both a and 8 fixes cs therefore for any ¢; € {c1, ¢z, - - -, ck} we have,

aB(ci) = a(B(ci)) = a(ci) = ci
and Ba(ci) = B(a(ci)) = B(ci) = ci

Thus we can conclude that,

aB(x) = Ba(x) VXES
= abB = Ba
This complete the proof. O

Theorem 3. The order of a cycle in the group S, is equal to its length,

Proof. Let us consider the set A={1,2,3,---, n} and suppose that S, be
the group of all permutations on the set A.

Let a = (a1, a2, - -+, am) be a cycle of length m.

We observe that,

a™*ax)=am where 1<k<m
For k=1 a™Ya1) = am
It follows that the result is true for k = 1. Suppose that the result is true for
anyr<k iea™"(ar) =am.

We now have,

" Yapa) = " Nala) = a™(a) = am
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It follows that the resultis true for r + 1. Hence by induction the result is true
for any k.
For k=1, a™Ya1) =am= a™(ai) = alam) = a1
For k=2, a™?%(az2) =am= a™(a2) = a’*(am) = a2
For k=3, a™3(a3)=am = a™(as) = a(am) = as
Continuing this at (m — 1)th step we get,

a™ M V(g 1) =adm = a™(@m-1) = a" HAm) = Am-1

Finally one can note that, a™(am) = a™ Y a(am)) = a™ Y a1) = am.

It follows that a™ = € (the identity permutation) and hence | a |< m. If
possible suppose that there exists a positive integer k such that a* = € (the
identity permutation). But then,

a1 = ak(a1) = a(a**(a1)) = alak)

It follows that a = (a1, a2, - - -, ak) which shows that the length of the cycle
in question is equal to kK < m. This contradicts our initial assumption that the
length of the cycle is m which leads us to the conclusion that m is the least
positive integer such that a” = € and consequently | a |= m.

This complete the proof. O

Theorem 4. The order of a permutation on a finite set written in the form
of a disjoint cycles is the least common multiple of the lengths of the cycles.

Proof. Suppose a and 8 are any two disjoint cycles of length m and n re-
spectively and k least common multiple of m and n. We are to show that
| @B |= k.

Since a and 8 are disjoint cycles therefore a8 = 8a and consequently,

(aB)k = akB8k = €(the identity permutation)

It follows that | a8 |= t(say) will divide k ie. t | k.
On the other hand,

|aB |=t = (aB) =€
= a8t =€ [. aB =8a]
= at=6"1
=>al=€and 8 =€ [." a and 8 are disjoint cycles.]
=>m|tand n|t
> k|t
It follows that | a8 |= k. This complete the proof
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Remark 1. One can not ignore the condition that both o and 8 are disjoint.
For instance | (1,3, 2)(4,5) |=6, |(1,4,3,2)(56)|=4, |(1,23)(45,6)(78) |=
6 whereas | (1,2,3)(1,4,5)|=5.

Please note that the cycles a = (1, 2, 3) and 8 = (1, 4, 5) are not disjoint
because the element 1 is common to both the cycles. If we combine these
two cycles then a8 = (1, 4, 5, 2, 3) which is a cycle of length 5 and therefore

| @B |=5.

Theorem 5. Every permutation in S,, n > 1 is expressible as product of
2-cycles ie. product of transpositions.

Proof. The identity permutation, € = (1, 2)(2, 1) and hence the identity per-
mutations is expressible as product of 2-cycles(transpositions).

As we know any permutation a € S, is expressible as product of disjoint
cycles, therefore,

o= (all az/ ctty am)(bll bz/ ) bn)(cll CZ/ R Ck)

= (01, am)(al, Clm-l) e (01, 02)(/.’)1, bn)(b1, bn-1) LR (b1, bz)(C1, Ck)(C1, Ck—1) e (C1, Cz)

This shows that a is expressible as product of 2-cycles(transpositions).
This complete the proof. O

Remark 2. One should note that the expression of o as product of 2-cycles is not
unique. One can derive some other expression of a as product of 2-cycles.
However once a permutation is expressed as product of even(or odd)number
of 2-cycles then it remain same even (or odd) in any other expression as product
of 2-cycles.

Theorem 6. If the identity permutation € = 816, --8,, where 8's are
2—cycles then r is even.

Proof. Clearly r/= 1 because a 2—-cycle can never be equal to the identity
permutation.If r = 2 then we are through.

Let us assume that r > 2 and the required result is true for any k<.
Suppose 8, = (a, b). For this choice of 8, the possible form of 8,-1 are
(a, b) or (a,c) or (b, c) or (c d).

In case B--1 = (a, b),we have 8,16, = (a, b)(a, b) = €(the identity permuta-
tion) we delate 8,-16, from the expression as product so that € = 6162« - - 6
and then according to our assumption k = r-2 < r is even and consequently
r=(k—2)+ 2is even and hence we are through.
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In other three form of 8,-1 since (i,j) = (j, /) and any two disjoint cycles
commutes,we have

6--16r=(a, c)(a, b) = (a, b)(b, )
6--16- = (b, ¢)(a, b) = (a, c)(c, b)
6--16r = (¢, d)(a, b) = (a, b)(c, d)

It follows that in any case we can express 8,-16; as (a, i)(s, t) wherein j, s, t are
all different from a. In simple word a will appear only once as the first object
in B,-1.

Now we continue the same treatment with 8,-26,-1. If in the process the
product reduces to (r — 2) cycles then we are through. If it is not so then we
shall boil down the problem wherein a will appear only once as a first object
in the 2—cycle 8,-; and it will not appear in the rest of the cycles 6,-18..
Continuing this process we shall obtain a product of (r — 2) cycles or a will
appear as the first object in 81 and a will not appear in the rest of the product
6283 - - - 8. But then a will never be fixed whereas the identity permutation
always fixes a. In view of this we can conclude that in some stage we must
achive € as product of (r-2) 2—cycles, which prove our required result. ]

Theorem 7. (Always Even or Always Odd.) If a permutation o is ex- pressed
as product of even(odd) number of 2—cycles then every decomposition of a into
a product of 2—cycles must have an even(odd) number of 2—cycles. In symbols

if

a=6162---6,and a=yiy2-- Vs

where 8's and y's are all 2—cycles then r and s both are even or both are
odd.
Proof. We observe that,
6185 ---68, = ViV2: " Vs > €E=V1Y2 -+ )/56_16_1 ...6-1-1
r r

-1 2 1
= €= y1y2- - YsB8:6r-1- - 6261 [ 6_1 = 6]]
= (r+s) is even ["." € is even.]
= both r and s are even or both are odd.

This complete the proof. O

Definition 2. A permutation that can be expressed as product of even(odd)
number of 2-cycles is said to be an even(odd) permutation.

Definition 3. The collection of all even permutations in the symmetric group
Sn is denoted by An
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Theorem 8. For n > 1, A, is a subgroup of the symmetric group S, and
| An |= ”7'

Proof. Since the identity permutation € is an even permutation therefore
€ € A,. It follows that A, is a nonempty subset of S,. For any a, 8 € A,
there must exists two even numbers r and s(say) such that,

A=TT2°°°Tr and6=_r'_l_l ....... -
i 2 s

where 1;and rl.' are all 2—cycles. It follows that,
aB =112+ T,TT -+ T
i 2 s

= aB is expressible as product of (r+s) 2 —cycles

Since both r and s are even therefore (r + s) is even and consequently
aB € A,.

Since S, is a finite group and A, is close under the binary operation in S,
therefore A, is a subgroup of S, ie. A, < S,.

For any even permutation a, (1, 2)a is an odd permutation. Further by can-
cellation law (1, 2)a/= (1, 2)8 whenever o/= 8.1t follows that corresponding to
each even permutation there exists an odd per mutation and vice versa. It
follows that,

This complete the proof. O
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Conclusion

This in-depth essay on group theory provides an extensive but readable analysis of the
fundamental and higher-level ideas in abstract algebra. Starting with the formal definition of
a group, it establishes the main properties like associativity, identity, and invertibility using
down-to-earth examples from integers to matrices. It then proceeds step by step into more
advanced structures like cyclic groups, subgroups, and quotient groups, laying a solid
conceptual foundation for readers.

Emphasis is given to the structure and behavior of subgroups, cosets, and normal
subgroups, resulting in Lagrange's Theorem and the formation of quotient groups. These
are essential in analyzing how larger groups can be understood through their smaller parts.
The topic on group homomorphisms and isomorphisms continues to highlight the relevance
of structure-preserving maps and what these mean to abstract algebra.

The addition of permutation groups and cycle notation brings a strong graphical and
computational tool into group theory, finally leading to an in-depth description of even and
odd permutations, the alternating group, and major theorems concerning order and
structure.

Most interestingly, the discussion of generators and relations connects abstract theory with
concrete presentation of groups, emphasizing that any group can be expressed as a
guotient of a free group. The article concludes with two interesting problems that illustrate
group theory's real-world analogy and imaginative depth.

Overall, this text not only educates readers about group theory but also inspires
appreciation of its elegance and usefulness. It is able to reconcile rigor with clarity,
presenting complicated concepts in a palatable form without compromising mathematical
beauty.
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