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Introduction

In math, we tend to seek patterns and structures which allow us to under-
stand numbers and operations. One such structure is referred to as a ring.
In simple terms, a ring is a collection of elements where we can add and
multiply in a manner that adheres to certain fundamental rules—such as
how we add and multiply whole numbers. Rings enable us to bring familiar
arithmetic to more abstract contexts, using this as a gateway to novel ideas
and applications.

In a ring, we can also locate smaller subsets that act similarly to rings
themselves. They are referred to as subrings. In the same way that a family
may have groups inside it, a ring may have subrings inside, which work under
the same norms as the big set.

Another significant ring theory concept is the integral domain. This is
a type of ring where multiplication works well—namely, if you multiply two
non-zero elements, you never obtain zero. This property, that there are no
"zero divisors”, is quite handy when solving equations and doing problems
in number theory and algebra.

By learning about rings, subrings, and integral domains, we start to see
the deeper structure that lies behind most mathematical systems. These
concepts are not just abstract but also the foundation upon which many real-
world applications in computer science, cryptography, and more are built.



1 RING SUB-RING AND INTEGRAL DO-
MAIN

Definition 1. A ring R is a nonempty set equipped with two binary opera-
tions, addition and multiplication such that for all a,b,c € R
(1) Under addition associativty hold good ie.
a+(b+c)=(a+b)+c
(1) There exists an element o € R
(called additive identity orzero element) such that,
at+o=o0o+a=a
(i1i) For any a € R there exists —a € R such that,
a+(—a)=(-a)+a=0
(v) Under addition comutativity hold good ie.
a+b=b+a
(v) Under multiplication associativty hold good ie.
a(bc) = (ab)c
(vi) Both the distributive laws hold good ie.
a(b+c¢) =ab+ac and (b+c)a =ba+ ca

Definition 2. A ring R is said to be a commutative ring if
ab = ba Va,b € R

Definition 3. A ring R is said to be a ring with unity if there exists an
element 1 € R such that,

al = 1a Ya € R

Definition 4. Suppose R is a commutative ring with unity and a be a nonzero
element of the ring R. If there exists an element b € R such that,

ab=1 Va,b e R

then the element b is said to be the inverse of the element a in the ring R
and we write b = a~' and in such a situation the element a is said to be a
unit of the ring R.

Definition 5. Suppose R is a commutative ring and a,b € R with a # 0.
Then we say that a divides b (or a is a factor of b) if there exists ¢ € R such
that b = ac ie.

a|bsb=ac for some c € R



Example 1. The set of integers Z is a commutative ring with unity 1 under
ordinary addition and multiplication in which 1 and —1 are the only units.

Example 2. The set Z, = {0,1,2,--- ;n — 1} is a commutative ring with
unity 1 under addition (mod n) and multiplication (mod n) in which U(n) =
{m | ged(m,n) = 1} is the set of units.

Example 3. The set Z[z] = {f(x) = ap + a1z + asx® + - - + a,2" | a; € Z}
is a commutative ring with unity f(x) = 1 under ordinary addition and
multiplication of polynomials.

a b

Example 4. The set My(Z) = {( e d ) | a,b,c,d € Z} is a non-commutative

1

ring with unity I = ( 01

) under matriz addition and multiplication.

Example 5. The set 27 1s a commutative ring without unity under ordinary
addition and multiplication.

Theorem 1. (A fiew basic results) Suppose R is a ring with unity 1 and
a,b,c € R. Then the following results are hold good.

(7) a0 =0a =0

(i) a(=b) = (—a)b = —(ab)

) (—a)(—=b) = ab

(1v) a(b—c) =ab—ac and (b—c)a=ba — ca
(v) (—Da=—a

(vi) (=D(=1) =1

Proof. By the left distributive law we get,

a0 =a(0+0) =a0+ a0 = a0+ 0 = a0 + a0
=a0=0 [by left cancellation law)

By the same set of arguments one can see that,
O0a =0

This complete the proof of (7).
Here we have,

(—a)b+ab=(—a+a)b =0b=0= (—a)b= —(ab)



Similarly,

a(—b) +ab=a(—b+b) = a0 =0 = a(—b) = —(ab)

It follows that,

This complete the proof of (7).
Here we have,

(—a)(=b) = (—a)c = —(ac) where ¢ = —b
= —(a(=b) = ~(~(ab)) = ab

This complete the proof of (7).
Here we have,

a(b—c)=a(b+ (—c)) = ab+ a(—c) = ab — ac
By the same set of argument one can see that,
(b—c)a=ba— ca

This complete the proof of (iv).
Here we have,

(—1)a = —(la) = —a [ la=d]

This complete the proof of (v).
The proof of (vi) is left as an exercise. O

Theorem 2. If a ring R has a unit element a(say)then its inverse is unique.

Proof. If a is a unit of the ring R then we must have a # 0. If possible let
us assume that there exists b, ¢ € R such that ab = ba =1 and ac = cb = 1.
Now,

alb—c)=ab—ac=1-1=0=b—c=0 [ a#0]
=b=c

It follows that the multiplicative inverse of a unit in a ring R is unique. [

Definition 6. A nonempty subset S of a ring R is said to be a sub-ring of
the ring R iof S 1s itself a ring under the binary operations in the ring R.

8



Theorem 3. A nonempty subset S of a ring R is a sub-ring of the ring R
iof and only if,
(i) a—be S Va,b e S
and (it) abe S Va,be S

Proof. 1f we assume that S is a sub-ring of the ring R then S will itself a
ring under the binary operations in the ring R and therefore,

a,beS=a-besS
=a—-be S

Further by the closure property under multiplication,
a,be S=abe S

It follows that the given conditions are necessary.

Let us assume that S is a nonempty subset of the ring R in which the given
conditions are hold good.

By the given condition (7) immediately follows that S is an additive abelian
group.Further both the distributive laws and the associative property for the
elements of S will hold good, as because S C R and they are true for the
elements of the ring R. It follows that S is itself a ring under the binary
operations in the ring R and consequently S is a sub-ring of the ring R.

It follows that the conditions are sufficient.

This complete the proof. O

Example 6. One can verify that for a ring R we always have two sub-rings
namely {0} and the ring R itself, what we call trivial sub-rings of the ring R.

Example 7. For the ring Zg under addition(mod 6) and multiplication(mod
6), one can verify that S = {0,2,4} is a sub-ring.

Example 8. For any positive integer n,
nZ ={0.£n,£2n,+3n, -}

is a sub-ring of the ring of integers Z under ordinary addition and multipli-
cation.

Example 9. The set of Gaussian integers,
Zli] = {m +in | m,n € Z}

1s a sub-ring of the ring C under ordinary addition and multiplication of
complex numbers.



Definition 7. Let R be a commutative ring and a(# 0) € R. Then a is said
to be a zero dwisor if there exists b(# 0) € R such that ab = 0.

Example 10. Let us consider the commutative ring Zyo under addition(mod
10) and multiplication(mod 10).

In this ring one can note that 2(#£ 0),5(# 0) € Zyp whereas 2.5(mod 10) = 0.
It follows that 2 and 5 both are zero divisors in this ring.

One can verify that 6 is also a zero divisor in this ring.

Definition 8. An integral domain is a commutative ring with unity having
no zero divisor.

Remark 1. In case of an integral domain R for a,b € R if ab = 0 then
either a =0 or b = 0.

Example 11. The ring of integers Z under ordinary addition and multipli-
cation is an integral domain.

Theorem 4. Let R be an integral domain and a,b,c € R. Then,
ab=ac=b=c
provided a # 0.

Proof. Suppose that R is an integral domain and a, b, ¢ € R such that ab = ac
with a # 0.
Now,

a(b—c) =ab— ac

=alb—c)=0 [.-ab = ac]
=((b—c)=0 [.a#0 R is without zero divisor]
=b=c
This complete the proof. n

Definition 9. A field is a commutative ring with unity in which every nonzero
element is a unit.

Remark 2. One should note that every field is an integral domain for if F'
is a field and a,b € F such that ab =0 then if a # 0 means a is a unit of F
ie. a~t € F. But then,

ab=0=a(ab) =0
= (ata)b=0
=b=0

10



It follows that F' is without zero divisor and consequently F' is an integral
domain.
However an integral domain may not be a field. For instance the ring of
integers 7, is an integral domain whereas it is not a field.In true test and
colour every nonzero element except the identity element(1)is not a unit in
this ring.

Theorem 5. A finite integral domain is a field.

Proof. Let D be a finite integral domain with unity 1 and a be a nonzero
element of D. We need to prove that a is a unit of D. If a = 1 then we
are through as because the identity element has its own inverse. Suppose
that a # 1. By the closure property under multiplication in D we have
a,a’ a3, --- € D. Since D is finite, for some positive integers i,j (i > j),
d=d =ad"7=1
=ad =1

=al=ad"71teD

It follows that a is a unit of the integral domain D.
This complete the proof. O

Remark 3. For every prime p, Z, is a field.

Proof. We know that Z, = {0,1,2,--- ,p — 1} is a finite commutative ring
with unity 1 under addition(mod p ) and multiplication(mod p).

In order to prove that Z, is an integral domain it is sufficient to prove that
Z,, is without zero divisor.

For any a,b € Z, we have,

ab= 0= ab=pk for some positive integer k
= p | ab
=plaorp|d
=a=0o0r b=0

It follows that Z, is a finite integral domain and hence it is a field.
This complete the proof. m

Definition 10. The characteristic of a ring R is the least positive integer n
such that nx =0 Vx € R.

If no such positive integer exists then we say that the ring R is of character-
1stic 0.

The characteristic of a ring R is denoted by char(R).

11



Remark 4. The characteristic of the ring of integers Z under ordinary ad-
dition and multiplication is 0 ie. char(Z) = 0.

The characteristic of the ring Z,, under addition(mod n)and multiplication(mod
n) is n for n is the least positive integer such that for any i € Z, we have
ni(mod n) = 0.

Theorem 6. Let R be a ring with unity 1. If 1 is of infinite order under

addition then the characteristic of the ring R is 0. If 1 is of order n under
addition then the characteristic of the ring R is n.

Proof. 1f the multiplicative identity 1 is of infinite order then there exists no
positive integer n such that nl = 0 and hence char(R) = 0.

Suppose that | 1 |= n under addition ie. n is the least positive integer such
that n1 = 0. Now for any z € R we have,

nrt=x+x+x+---n summands
=lz+ 1z + 1z +---n summands
=(14+14+1+---n summands)x
= (nl)x
=0 [ n.1l=0]
It follows that char(R) = n.
This complete the proof. O

Theorem 7. The characteristic of an integral domain is either zero or a
prime.

Proof. Let D be an integral domain with unity 1.

In case 1 is of infinite order then char(D) = 0.

Suppose that | 1 |= n. We need to prove that n is a prime. Suppose that
n = pq where p, q are primes and 1 < p,q < n.

Since | 1 |= n under addition therefore n is the least positive integer such
that nl1 = 0.

Now,

nl=0= (pg)l =0
= (p1)(q1) =0
=pl=0o0r ql=0 [ . D is without zero divisor|
In case pl = 0 we must have p = n, because p < n and n is the least positive
integer such that nl = 0.
In case g1 = 0 by the same set of argument one can see that ¢ = n.

It follows that n is a prime.
This complete the proof. ]

12



2 IDEAL AND FACTOR RING

Definition 11. A sub-ring A of a ring R is said to be an ideal (two sided
ideal) if the sub-ring A absorbs the elements in the ring R ie. 1A = {ra |
re R and a€ A} C A and Ar ={ar|r € R and a € A} C A.

Theorem 8. A nonempty subset A of a ring R is an ideal of the ring if and
only if,

(1) a—be A Va,be A
(17) ra,ar € A Vr e R and Ya € A

The proof is left as an exercise.

Example 12. In a ring R the subsets {0} and R are always ideal of the ring
R, what we call trivial ideals of the ring R.

Example 13. For any positive integer n, nZ = {0,£n,+2n,+3n,---} is
an ideal of the ring of integers Z. under ordinary addition and multiplication.

Example 14. Suppose R is a commutative ring with unity 1. Then for any
a € R the set < a >= {ra | r € R} is an ideal of the ring R what we call a
principal ideal of the ring R generated by the element a.

Proof. Suppose that ra,sa €< a > so that r, s € R.

now,
ra—sa=(r—s)a€<a> [ -r—s€R]
Also,
s(ra) = (sr)a €< a > [ rs€R]
It follows that < a > is an ideal of the ring R. O

Example 15. Consider the ring Rlx] = {f(x) = ap+a1x+asx*+- - -+ a,z" |
a; € R}under ordinary addition and multiplication of polynomials. Suppose
that A C Rlx] containing those polynomials with the constant term ag = 0
then A is an ideal of the ring R[z] and A =< x >.

Proof. From the definition,

A={f(z) eRl2]| f(z) = a1 + aox® + -+ + a,z"}

13



Suppose that f(z) = a1x+ax®+- - -+a,2™ and g(x) = byx+byx®+- - -+byx™
be any two elements of A.
Without loss of generality we can assume that m < n so that,

f(z) = g(z) = (ay — b))x + (ag — by)x® + - + (A — bp)Z™ + Q1 2™ 4 -+ + @™

It follows that f(z) — g(x) € A.
For any h(z) = co + c17 + coz® + - - + cxz® € R[x] we have,

hz) f(z) = (co + a1z + coa® + - -+ + pa®) (arx + aga® + -+ + a,2")

It follows that A is an ideal of the ring R[z].
For any f(z) = a1x + asz® + -+ + a,z" € A we have,
f(z) = a17 + agx® + - - - + apz"”
= (a; +agr + -+ az" Ha

= f'(z).xz where f'(z) =ay + ayx + -+ + a,2™ ! € R[]

It follows that A C< 2 >.
On the other hand for any p(z) €< x > there exists q(x) = co+ 1@ + cox? +
-+ 4 csx® € Rx] such that,

p(r) =q(z).x
= (co+ 1+ gz’ + -+ + o1’

=+ terd - +eaxtteA
It follows that < x >C A and hence A =< x >. O

Example 16. Let R be the ring of all real valued functions of a real variable
and S be the set of all differentiable functions. Then S is a sub-ring of R but
S is not an ideal of the ring R.

Proof. Clearly R ={f| f:R — R} is a ring under point wise addition and
point wise multiplication of functions ie.

(f+9)(x) = f(z) + g(x) Vr € R
(fg)(z) = f(x)g(x) Vr € R

It is given that,

S={f:R—=R| flexists}

14



For any f,g € S we have (f —g) = f'— ¢ and (fg) = f¢' + gf’. It follows
that f —g € .S and fg € S and consiquently S is a sub-ring of the ring R.

Let us choose an element f € R so that f’ does not exists.Then for any g € S
we have (fg) = f¢' + gf’. It follows that (fg)" does not exists and hence
fg ¢ S. Thus S is not an ideal of the ring R. n

At this point we would like to raise a pertinent question. Whether the
concept of the principal ideal can be generalized or not? Honestly speaking the
answer is affirmative. Yes one can do so as given in the following definition.

Definition 12. Suppose that R is a commutative ring with unity and a1, as, - - -

R. Then I =< ay,as,--- ,a, >={> . ria; | r; € R} is an ideal of the ring
R, what we call the ideal generated by the elements ay,as,--- , ay,.

Definition 13. Let A be an ideal of a ring R. We now consider the set
R/A={r+ A|r € R}.Then R/A is a ring under the operations define by,

r+A)+(s+A)=(r+s)+A Vr,s € R
and (r+ A)(s+A)=(rs)+ A Vr,s € R

with A as the zero element,what we call the factor ring or the quotient ring.

Proof. Let us first verify that the multiplication as defined above is well
defined. For this we choose 7,1/, s,s" € R such that,

r+A=r+A and s+A=5+A
=r—1r"+A=A and s—s5+A=A
=r—1r=a and s—s =0b where a,bc A
=r=7"+a and s=35+b
=rs=r1's +1'b+ s'a+ab

= (rs)+ A=(r's) + A

Since A is an ideal of the ring R therefore b + s'a + ab € A and hence
(r'b 4 s'a + ab) + A = A.It follows that the multiplication is well defined.

Suppose that A be a sub-ring of the ring R but it is not an ideal. Then
there exists a € A and r € R such that ra ¢ A. It follows that ra + A # A
which means that (r + A)(s + A) # A. But (r+ A)(a+ A) = (r+ A)A =
(r+A)(0+A) =r0+ A= A. Thus we arrived into a contradiction, which
leads us to a conclusion that A must be an ideal in order to enjoy a well
defined multiplication. O

15



Example 17. Let us consider the ring of integers Z, under ordinary addition
and multiplication. For the ideal 47 of the ring Z we can enjoy the factor
ring Z/AZ = {0 + 4Z,1 + AZ,2 + AZ,3 + 4Z} in which the addition and
multiplication are defined by,
(m+4Z) + (n +4Z) = (m + n)(mod 4) + 4Z where 0 < m,n < 3
and (m + 4Z)(n +4Z) = (mn)(mod 4) + 4Z
Remark 5. One should note that both the ring Z and the ideal 4Z contains
infinitely many distinct elements whereas the factor ring Z/4Z contains only
four elements. This is why one can readily deal with a factor ring and a good

number of information in respect of the ring can be drawn from the factor
Ting.

Example 18. Let us consider the ring of Gaussian integers Z[i| and the
principal ideal A =< 2 — i >. Then the elements of the factor ring Z[i]/A
will be of the form a + ib+ A where a,b € Z.

Since 2 — i € A therefore 2 — i+ A = A.It follows that 2 — i = 0 ie.
t = 2.But then 4 = —1 and hence 5 = 4+ 1 = —1+4+1 = 0. Thus the
element 3+4i+A=11+A=2x5+1)+A=1+A.

It follows that,

Z[i]JA={0+A,1+ A2+ A3+ A4+ A}

Here we again meet a finite factor ring whereas both the ring and the ideal
in question are infinite.

Definition 14. A prime ideal P of a commutative ring R is a proper ideal
of the ring R such that,

abe P=a€P or be P Va,b € R

Definition 15. A maximal ideal of a commutative ring R is a proper ideal
of the ring R such that for any ideal A of R,

MCACR=M=Aor A=R

Theorem 9. Let R be a commutative ring with unity and A be an ideal of
the ring R.Then R/A is an integral domain if and only if A is a prime ideal.

Proof. Suppose that R/A is an integral domain.We need to show that A is
a prime ideal of the ring R. We now have,

abe A=ab+ A=A
= (a+A)b+A)=A
=a+A=Aorb+A=A [ " R/A is an integral domain]
acAorbeA

16



It follows that A is a prime ideal of the ring R.
Conversely suppose that A be a prime ideal of the ring R and a,b € R such
that,

(a+A)b+A)=A= (ab+A)=A
=abec A
=a€cAorbeA [ A is a prime ideal]
=a+A=Aor b+A=A

It follows that R/A is without zero divisor and hence it is an integral domain.
O

Theorem 10. Let R be a commutative ring with unity and A be an ideal of
the ring R. Then R/A is a field if and if A is a mazimal ideal of the ring R.

Proof. Suppose that R/A is a field and B is an ideal of the ring R such that
A C B. Then there exists b € B such that b ¢ A.

We now have,

b A=b+A#A
= there exists ¢ € R such that (c+A)(b+A)=1+A [ R/A is a field

=1-bce A

=1-bceB [ AC B
=1—bc+bceB [ . bc € B
=1lebB

=DB=R

It follows that A is a maximal ideal of the ring R.

Conversely suppose that A is a maximal ideal of the ring R. We need to
prove that R/A is a field, for which it is sufficient to prove that every nonzero
element of R/A is a unit of R/A.

Let b+ A€ R/Aand b+ A # A. We now consider the set B={br+a|r €
R and a € A}. One can easily verify that B is an ideal of the ring R and
A C B. Since A is a maximal ideal of the ring R therefore B = R. It follows
that for some ¢ € R,

bc+a=1=bc+a+A=1+A
= b+ A)(c+A)=1+A

It follows that b+ A is a unit of R/A and hence R/A is a field. O

17



3 RING HOMOMORPHISM AND RING ISO-
MORPHISM

Definition 16. Let R and S be any two rings and ¢ : R — S be a function
that preserves the binary operations in the rings R and S ie.

¢(a+b) = d(a) + ¢(b) and ¢(ab) = ¢(a)p(b)  Va,be R

15 said to be a ring homomorphism.

If a ring homomorphism ¢ : R — S is a bijection then it is said to be a ring
1somorphism and in such case we say that the rings R and S are isomorphic
to each other and we denote it by R~ S.

Definition 17. If ¢ : R — S is a ring homomorphism then the subset
{r € R| ¢(r) = 0} of the ring R is said to be the kernal of the homomorphism
¢ and it is denoted by ker(¢).

;. ker(¢) ={r e R| ¢(r) =0}

Example 19. Consider the rings Z and Z,, and define a function ¢ : Z — Z,
by,

(k) = k(mod n) Vk e Z
For any k,s € Z we have,

ok + s) = (k+ s)(modn) = k(modn) + s(modn) = ¢(k) + ¢(s)
and ¢(ks) = (ks)(mod n) = k(mod n)s(mod n) = ¢(k)o(s)

It follows that ¢ : Z. — Z, is a ring homomorphism
Example 20. The mapping ¢ : C — C defined by,

¢la+1ib) =a—ibie. ¢(z) =z Vz=a+ibeC
1 a ring homomorphism.

Example 21. A positive integer n with decimal expression -apag_1---aiag
15 divisible by 9 if and only if ax + ax—1 + - - - + a1 + ap 15 divisible by 9.
Solution: Let us consider the function o : Z — Zg defined by,

a(n) = n(mod 9) Vn € Z

18



We have already shown that o : Z — Zg s a ring homomorphism.
But,

n = apl0® + ap_110F 1 4+ - + 4110 + qq
9]71(:)04( )=0

(aklo “+ ap_ 110k 1 -+ CL1101 + CL()) =0
a(ag)(a(10))" + a(ak 1>(oz<10>>’€‘1 + -+ afar)a(10) + a(ag) =0
alay) + alag_1 + -+ ala;) + alag)) =0 [ «(10) = 1]

(:)a(ak+ak_1+---+a1+ao):0
<:>9|(ak+ak_1+--~+a1+a0)

Theorem 11. Let R and S be any two rings and ¢ : R — S be a ring
homomorphism. Let A be a sub-ring of the ring R and B be an ideal of the
ring S. Then,

(1)For any r € R and for any positive integer n,

¢(nr) = ng(r) and ¢(r") = (6(r))"

(2) p(A) ={o(a) | a € A} is a sub-ring of the ring S.

(3) o~ (B) = {r € R | ¢(r) € B} is an ideal of the ring R.

(4)If R is commutative then ¢(R) is commutative.

(5) ker(¢) is an ideal of the ring R.

(6) ¢ is one one if and only if ker(¢) = {0}

(7)If the ring R has the unity 1 and S # {0} and ¢ is onto then ¢(1) is the
unity of the ring S.

(8)If A is an ideal of the ring R and ¢ is onto then ¢(A) is an ideal of the
ring S.

(9)If ¢ : R — S is an isomorphism then ¢! : S — R is an isomorphism.

Proof. (1)For n = 2, since ¢ is a ring homomorphism therefore we get,

¢(2r) = ¢(r+71) = o(r) + ¢(r) = 26(r).
It follows that the result is true for n = 2. Let us assume that the result is
true for any positive integer k& < n. We now have,

o((k+1)r) = ¢(kr +71)

= ¢(kr) + ¢(r) [" ¢ is a ring homomorphism]
=ko(r) + o(r) [" the result is true for n =k
= (k+1)o(r)

It follows that the result is true for (k + 1) and therefore by mathematical
induction the result is true for any positive integer n.
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By the same set of arguments one can prove the other part of the result.
(2)For any ¢(a), #(b) € ¢(A) we have,
¢(a),p(b) € $(A) = a,be A
=a—babe A [0 A is a sub—ring of the ring R]
= ¢(a —b) = ¢(a) — ¢(b), d(ab) = d(a)p(b) € p(A)
It follows that ¢(A) is a sub-ring of the ring S.
(3)Suppose that s,t € $~'(B) and r € R. We now have,
s,t € ¢ Y(B) and r € R= ¢(s),¢(t) € B and ¢(r) € S
= ¢(s) — o(t), d(r)p(s), p(s)p(r) € B['.© B is an ideal of the ring S]
= ¢(s —t),p(rs), ¢(sr) € B [ ¢ is a ring homomorphism]
= s—t,rs,s7 € ¢ (B)
It follows that ¢'(B) is an ideal of the ring R.

(4)Suppose that the ring R is a commutative ring and ¢(a), p(b) € ¢(R).
Then we have,

¢(a),p(b) € p(R) = a,b e R

= ab = ba [*© R is commutative]
= ¢(ab) = ¢(ba)
= ¢(a)p(b) = ¢(b)¢(a)

It follows that ¢(R) is a commutative ring.
(5)From the definition we have,

We now have,

0+0=0= ¢0+0) = ¢(0)

[by right cancellation law in (S,+)]

It follows that 0 € ker(¢) and therefore one can conclude that ker(¢) is a
nonempty subset of the ring R.
For any z,y € ker(¢) and r € Rwe have,

¢(x —y) = o(x) — ¢(y) and ¢(rz) = ¢(r)p(z) and P(xr) = ¢(x)p(r)
= oz —y) = o(rz) = ¢(ar) =0 [ d(x) = 0= o(y)]
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It follows that  — y, rz, xr € ker(¢) and hence ker(¢) is an ideal of the ring
R.

(6)Suppose that ker(¢) = {0} and r, s are any two elements of the ring R.
Now,

¢(r) = ¢(s) = ¢(r —s) =0
=1 —s € ker(¢)
=r—s=0 [ ker(¢) = {0}]
=r=s

It follows that the function ¢ : R — S is one one.

Conversely suppose that the function ¢ : R — S is one one. We need to
prove that ker(¢) = {0}.

Clearly {0} C ker(¢). For any x € ker(¢) we must have ¢(x) = 0 = ¢(0)
and since ¢ is one one therefore x = 0 and hence ker(¢) C {0}. It follows
that ker(¢) = {0}.

(7)Suppose that the ring R is with unity 1 and ¢ : R — S is onto and
S # {0}. For any s(# 0) € S there exists r € R such that ¢(r) = s. We now
have,

so(1) = o(r)o(1) = ¢(r) = s

On the other hand if s(= 0) € S then obviously s¢(1) =0 = s.

It follows that ¢(1) serve as the identity of the ring S

(8)Suppose that A is an ideal of the ring R and the function ¢ : R — S is
onto. Then for any s € S there exists r € R such that ¢(r) = s. We now
have,

6(a), 6(b) € 6(A) = a,b € A
=a—"bra,are A [ Aisanideal of the ring R]
= ¢(a - b)a ¢(Ta>’ gb(a?ﬂ) € ¢<A>
= ¢(a) — ¢(b), sd(a), ¢(a)s € G(A)

It follows that ¢(A) is an ideal of the ring S.
(9)Left as an exercise. O

Theorem 12. (First isomorphism theorem) Let ¢ : R — S be a ring
homomorphism. Then R/ker(¢) ~ ¢(R).

Proof. Let us define a function f : R/ker(¢) — ¢(R) by,

f(rker(¢)) = o(r) Vre R
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For any 7,7 € R we have,

f(rker(¢)) = f(r'ker(¢)) = o(r) = o(r)
= ¢(r—1r")=0
= (r—1') € ker(9)
= rker(¢) = r'ker(¢)

Again for any s € ¢(R) there exists r € R such that s = ¢(r) = f(rker(¢)).
It follows that the function f : R/ker(¢) — ¢(R) is a bijection.
On the other hand any r,r’ € R we have,

f(rker(¢) +r'ker(¢)) = f((r +1")ker(o))
= o(r+1')
= o(r) + o(r") [*. ¢ is aring homomorphism]
= [f(rker(¢)) + f(r'ker(¢))
Also,
f((rker(¢))(r'ker(¢))) = f((rr')ker(¢))
= (v
= o(r)o(r')
= [f(rker(¢))f (r'ker(¢))
It follows that the function f : R/ker(¢) — ¢(R) is a ring isomorphism and

consequently R/ker(¢) ~ ¢(R).
This complete the proof. O

Theorem 13. Every ideal of a ring R is the kernal of a homomorphism on
the ring R.

Proof. Suppose A be an ideal of the ring R.Consider the mapping ¢ : R —
R/A defined by,

o(ry=r+A Vre R
One can note that,

x € ker(¢) < ¢(x) = A(the zero element of the ring R/A)
Sr+A=A
SreA

It follows that, ker(¢) = A.
This complete the proof. ]
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Theorem 14. Let R be a ring with unity 1. Then the mapping ¢ : Z — R
defined by,

o(n) =n.l Vn € Z

1S a ring homomorphism.

Proof. For any m,n € Z one can see that ¢(m+n) = (m+n).1 =m.14+n.1 =
#(m)~+¢(n). On the other hand ¢(mn) = (mn).1 = (m.1)(n.1) = ¢(m)d(n).
It follows that the function ¢ : Z — R is a ring homomorphism.

This complete the proof. O

Corollary 1. If R is a ring with unity 1 and char(R) = n(> 0) then the
ring R has a sub-ring isomorphic to Z,. If char(R) = 0 then the ring R has
a sub-ring isomorphic to 7.

Proof. 1t is given that R is a ring with unity 1. We consider the set S =
{k.1|k € Z}. Then the mapping ¢ : Z — S defined by,

o(k) = k.1 Vk € Z

is a ring homomorphism for which one can conclude that ¢(Z) = S is a sub-
ring of the ring R.

Suppose that char(R) = n(> 0). Then ¢(n) = n.1 = 0. It follows that
n € ker(¢) and hence ker(¢) C<n >.

On the other hand,

re<n>=r=nk for somek € Z
= ¢(r) = o(n)o(k)
= ¢(r) =0
= r € ker(¢)

It follows that < n >C ker(¢) and hence < n >= ker(phi).. Thus by first
isomorphism theorem Z/ < n >~ S. But Z/ < n >~ Z,, and hence S ~ Z,.
Suppose that char(R) =0 then Z/ < 0 >~ S. But Z/ < 0 >~ Z. It follows
that S ~ Z.

This complete the proof. ]

Corollary 2. A field always contains Z, or Q where p is some prime.

Proof. 1t is well known fact that the characteristic of a field is either a prime
or zero. Suppose that F is a field and char(F') = p(a prime). Then F has a
sub-ring S(say) such that S ~ Z,,. Since Z, is a field therefore S is a sub-field
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of the field F' which is isomorphic to Z,. In simple words one can conclude
that the field I contains Z,,.

In case char(F) = 0 then F has a sub-ring S(say) such that S ~ Z.
Suppose that,

T ={ab"'a,b € S and b#0} C F

From the construction of T" one can conclude that 7'~ Q and hence the field
F' has a sub-field isomorphic to the field of rationals Q. In other words one
can say that F' contains Q.

This complete the proof. n

4 FIELD OF QUOTIENTS

Suppose that D be an integral domain ie. D is a commutative ring with unity
1 and D is without zero divisor.

Let us choose the set, S = {(a,b)|a,b € D and b # 0}.
We now define a relation ~ in the set S by,

(a,b) ~ (c,d) < ad = bc Va,b,ec,de D b#0andd+#0

For any (a,b) € S we always have ab = ab for which (a,b) ~ (a,b).
It follows that the relation ~ is reflexive one.
For any (a,b), (c,d) € S we have,

(a,b) ~ (¢,d) = ad = bc
= cb=da
= (¢,d) ~ (a,b)

It follows that the relation ~ is symmetric one.
For any (a,b), (¢,d), (r,s) € S we have,

(a,b) ~ (¢,d) and (c¢,d) ~ (r,s) = ad = bc and cs = dr
= (ad)(cs) = (be)(dr)
= as = br
= (a,b) ~ (r,s)

It follows that the relation ~ is transitive one.
It follows that the relation ~ is an equivalence relation in the set S.
Let F be the collection of all equivalence classes under the equivalence relation
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~ and we denote an equivalence class containing (x,y) by z/y. We define
addition and multiplication in F' by,

a/b+c/d = (ad + bc)/bd and a/b.c/d = ac/bd

Let us try to show that the operations as defined above are well defined.
Suppose that (a,b), (a’, V), (c,d), (c,d) € S such that a/b = a' /b and c/d =
d/d.
Now,
(ad + be)b'd = adb'd’ + beb'd’

= (ab")(dd') + (ed)(DY)

= (a'b)(dd') + (dd)(bb) [*.- a/b=d/b and c¢/d = ¢ |d]

= (a'd + b")(bd)
It follows that,

(ad + be)/bd = (d'd + V) Vd = a/b+c/d=d V' +/d
It follows that addition is well defined.
On the other hand, (ac)(V'd') = (al')(cd’) = (a'b)(dd) = (a'd)(bd). It follows
that,
ac/bd = d'd Jb'd = a/b.c/d=d /b . |d

It follows that the multiplication in F' is also well defined.
One can verify that F is a field under the binary operations as defined. Fur-
ther one can note that,
1 is the unity unity of D = 0/1is the zero element of F
a/b € F = —a/b € F which is the negative of a/b
a/b(# 0/1) € F = b/a is the multiplicative inverse of a/b
Finally one can see that the mapping ¢ : D — F' define by,
¢a) =a/l VaeD
s an tsomorphism for any a,b € D,
dla+b)=(a+b)/1=a/14+b/1=d¢(a)+ ()
¢(ab) = (ab)/1 = a/1b/1 = ¢(a)p(b)
It follows that D =~ ¢(D) ie. D is isomorphic to an integral domain of F. In
simple words one can say that the field F' contains the integral domain D.
At this point one can note that from the integral domain of integers 7. em-

ploying the above mentioned binary operations the construction of the field of
rationals Q can be completed.
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5 POLYNOMIAL RINGS

Let us consider a commutative ring R and we consider the set of polynomials,
Rlz] = {ana™ + ap12" '+ -+ @z +apla; € R, 0<i<n}
Let us choose any two elements f(x),g(x) of R|x] given by,

f(@) = anz™ + ap_12" "+ 4+ arz + ag
and g(x) = bypa"™ + by 1™ -+ 4 b + by

We define addition and multiplication in the set R[x] by,
f(x) + g([)?) - (as + bs)xs + (as—l + bs—1>xs_1 + -+ ((11 + bl)l’ + (CLQ + bo)

where s = max{m,n} and a; =0 for i >n and b; =0 for i >m.
Also,

f([L')g(ZL’) = Cm+nxm+n + cm—i—n—lxm—i_n_1 + t —f‘ 1T + Co
where
C = (lkbo + ak_lbl + -+ Cblbk_l + aobk fOT’ 0 S k S (m + n)

One can verify that R[z| is a ring under addition and multiplication as defined
above with the zero element o(x) = 0 and the identity element I(x) = 1 what
we call the ring of polynomials with the coefficients in the ring R.

Definition 18. For an element f(x) = a,z™ + A1 P4 ayx + ag in
the ring R|x] with n # 0, we say that the degree of f(x) is n and we denote
it by deg(f(x)) while a,, is said to be the leading coefficient of the polynomial

f ().
In case the leading coefficient a,, = 1(the multiplicative identity of the ring
R)we term f(z) as a monic polynomial.

Theorem 15. If D is an integral domain then D|x] is also an integral do-
main.

Proof. AS D is assumed an integral domain it is a commutative ring with
unity without zero divisor. It follows that D|z] is a commutative ring with
unity 7(z) = 1.

Let us consider two nonzero elements of D|x| given by,

f(x) = apz™ 4+ ap_12" ' + -+ arx + ag
and g(x) = bpx™ 4 bp_12™ - 4 by + by

26



with a,, # 0 and b, # 0.

By definition the leading element of f(x)g(z) is given by a,b,, # 0 as because
ap, by, € D and D is an integral domain, consequently f(x)g(z) # 0.1t follows
that D[z| is without zero divisor and hence D[z] is an integral domain.
This complete the proof. m

Theorem 16. Let F' be a field and let f(x), g(x) € Flx] with g(x) # 0. Then

there exists unique polynomials q(x) and r(z) such that,
f(z) = q(x)g(z) + r(z) where r(z) =0 or deg(r(z)) < deg(g(x))
Proof. Tn case f(z) = 0 or deg(f(z)) < deg(g(x)) we write,
f(x) =0g(z) + f(x)

where ¢(x) =0 and r(x) = f(z).
Let us assume that n = deg(f(x)) > deg(g(x)) = m and let,

f(l’) = anl‘n + an—lfn_l + -4 a1xr + ag with (07% 7& 0
and §(x) = bpx™ + byp_12™ 4+ -+ b + by with by, # 0

Dividing f(z) by g(x) we get,
f(a) = apby'a" " g(x) + fi(x) where deg(fi(x)) < deg(f(x))

Since deg(fi(x)) < deg(f(x)) by induction hypothesis there exists ¢;(z) and
r1()x such that,

fi(x) = q(x)g(x

)
It follows that f(x) = (anb,,'z"™ + ¢i(x))g(x) + r1(x) and therefore one
can write f(z) = q(z)g(x) + r(z) where q(x) = a,b,'z"™ + ¢(x) and
r(z) = r1(z) wherein g(z) and r(x) satisfies our desired properties.
If possible let us assume that,

f(z)

+ 71 (x) where ri(xz) =0 or deg(ri(x)) < deg(g(x))

q(z)g(x) + r(x) where r(x) =0 or deg(r(z)) < deg(g(z))
)

and f(z) = ¢ (x)g(x) +r'(x) where () =0 or deg(r'(z)) < deg(g(z))
It follows that r'(z) — r(x) = g(x)(¢(z) — ¢'(x)) and hence r'(z) — r(x) =
or deg(r'(z) — r(x)) is equal to that of g(z), for the right side is product
of g(z) and a polynomial ¢(x) — ¢/(x). But deg(r (x)) < deg(g(x)) and
deg(r(x)) < deg(g(z)) because of which deg(r'(z) — r(x)) # deg(g(z)) and
hence 7' (x) — r(xz) = 0 ie. r(x) =r'(z) and consequently q(z) = ¢ (x).
This complete the proof. ]
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Corollary 3. If F' is a field and f(x) € Flx] then f(a) is the reminder in
the division of f(z) by (x — a).

Proof. By division algorithm, there exists unique ¢(z) and r(z) such that,
f(z) = (z —a)q(x) + r(x) where r(z) =0 or deg(r(z)) <1 =deg(x — a)

But deg(r(z)) < 1 means r(x) is a constant polynomial. Taking x = a one
can see that r(a) = f(a).
This complete the proof. m

Corollary 4. Let F be a field and a € F. Then a is a zero for any f(x) €
F[z] if and only if (x — a) is a factor of f(x).

Proof. Suppose that a is a zero of the polynomial f(x) in the field F' ie.
f(a) = 0. But f(a) is the reminder while one divides f(z) by (x —a). It
follows that f(z) = (z—a)q(x) for some ¢(x) € F[z] and consequently (z—a)
is a factor of f(x).

Conversely suppose that (x —a) is a factor of the polynomial f(z) ie. f(z) =
(x — a)q(z). Substituting x = a one can see that f(a) = 0. It follows that a
is a zero of f(z) in the field F.

This complete the proof. O

Theorem 17. A polynomial of degree n over a field F' has at most n ze-
ros,counting the multiplicity.

Proof. Here we proceed to prove the result by employing induction on n.
Clearly a polynomial of degree zero is a constant and hence it has no zero in
the field F'.

Suppose that f(z) is a polynomial of degree n and a is a zero of f(x) of
multiplicity k. Then we must have f(x) = (z —a)¥q(z) for some ¢(z) € F[z].
In case f(x) has no zero other than a then we are through.

Let b(# a) is a zero of f(z) in the field F. But then, 0 = f(b) = (b—a)*q(b).
It follows that g(b) = 0 ie. b is a zero of the polynomial ¢(x) in the field F. It
follows that any zero of f(x) is also a zero of ¢(x) and vice versa and of same
multiplicity. But deg(q(z)) = n — k < n and hence by induction ¢(z) has
n — k zeros,counting the multiplicity. It follows that the number of zeros of
the polynomial f(z) in the field F' is n —k+k = n, counting the multiplicity.
This complete the proof. n

Definition 19. An integral domain D is said to be a Principal Ideal Do-
main(PID) if every ideal of D is a principal ideal ie. if A is an ideal of D
then there exists a € D such that,

A=<a>={ralr € D}
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Theorem 18. Let F be a field. Then Fx] is a principal ideal domain.

Proof. Since F is a field therefore F'[z] is an integral domain.

Suppose that A is an ideal of F[z]. If A = {0} then one can write A =< 0 >
ie. A is a principal ideal generated by the zero element of the field.
Suppose that A # {0}. Then there exists g(z)(# 0) € A with minimal
degree, for which < g(z) >C A.

Suppose that f(z) € A. Then by division algorithm there exists ¢(z) and
r(z) such that,

f(x) = q(x)g(x) + r(x) where r(x) =0 or deg(r(z)) < deg(g(x))

But then r(x) = f(z) — q(z)g(z) € A. As we have assumed that g(z) € A
with minimal degree and deg(r(z)) < deg(g(x)) therefore r(z) = {0}. It
follows that f(z) = q(z)g(z) €< g(z) > and hence A C< g(x) >.

Thus we can conclude that A =< g(x) > ie. A is a principal ideal and
consequently F'[z] is a principal ideal domain.

This complete the proof. ]

Definition 20. Let D be an integral domain and f(z) is a non zero and
non unit element of D]x|. Then f(x) is said to be irreducible over D if for

g(x), h(z) € Dl],
f(z) = g(x)h(z) = either g(x) or h(x) is a unit in D[z]

A non zero and non unit element f(x) in Dlx] is said to be reducible if it is
not irreducible.

Remark 6. In case F is a field, a non-constant element f(x) € F[z] is said
to be irreducible if f(x) can not be expressible as product of two polynomials
of lower degree.

Example 22. Consider the polynomial f(x) = 22> + 4.

If one will consider Q[x] then f(x) = 2(z* + 2) and 2 is a unit over Q and
hence f(x) is irreducible in Q[z].

But if one will consider f(x) € Z[x] then f(x) = 2(x*+2) is reducible because
neither 2 nor x? + 2 is a unit in Z[z].

Example 23. The polynomial f(z) = x* — 2 is irreducible in Q[z] but it is
reducible in R[z].

Theorem 19. (Reducibility test for degree 2 or 3) Let F be a field. If
f(z) € Flz] and degree of f(x) is 2 or 3 then f(x) is reducible over F if f(x)
has a zero in F.
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Proof. Let f(x) be reducible in F[z] so that there exists g(z), h(z) € F|[x]
such that f(z) = g(z)h(x). Then deg(g(x)) and deg(h(z)) must be less
than that of f(x). But it is presumed that deg(f(z)) is 2 or 3. Since
deg(f(x)) = deg(g(x)) + deg(h(x)) therefore deg(g(z)) or deg(h(x)) must
be 1. Let deg(g(z)) = 1 and g(z) = ax + b where a,b € F. One can note
that every zero of g(x) is also a zero of f(x) and —a~'b is a zero of g(z) and
hence a zero of f(x).

Conversely suppose that f(a) = 0 for some a € F. But then (z —a) is a
factor of f(x) and consequently f(z) is reducible over F.

This complete the proof. m

Definition 21. Let f(z) = apa™ + ap_ 12" ' + -+ +ayx +ag € Z. Then the
greatest common divisor of a,, an_1,- -+ , a1, ag s said to be the content of the
polynomial f(x).

In case the content of a non zero polynomial f(x) € Zlx] is 1 then we say
that f(x) is a primitive polynomial.

Lemma 1. (Gauss’s lemma) The product of two primitive polynomials is
a primative one.

Proof. Let f(x),g(x) be any two primitive polynomials. Our intention is to
show that f(z)g(z) is also a primitive polynomial.

On the contrary let us assume that f(x)g(x) is not a primitive polynomial and
p be a prime which divide the content of f(x)g(z). Let f(z),g(x) and fg(z)
be the polynomials obtain from f(z),g(z) and f(z)g(x) by reducing their
coefficients by mod p respectively. One can conclude that f(z),g(x) € Z,
such that,

f(@)g(z) = f()g(z) = 0= f(x) =0 or g(z) =0
= p divides eachcoef ficient of f(x)
or p divides each coef ficients of g(x)

= f(x)is not primitive or g(x) is not primitive

This contradicts our initial assumption that both f(x) and g(z) are primitive
and from this cotradiction one can conclude that f(z)g(x) is primitive one.
This complete the proof. n

Theorem 20. Let f(x) € Z[x]. If f(x) is reducible over Q then f(x) is
reducible over Z.

Proof. Let us assume that f(x) is reducible over Q ie. there exists g(x), h(z) €
Q[z] such that f(x) = g(z)h(x).

30



Without loss of generality we can assume that f(x) is primitive because we
can divide both f(x) and g(x) by the content of f(z).

Let a be the LCM of the denominators of the coefficients of g(x) and b be
the LCM of the denominators of the coefficients of h(z). Then,

abf(x) = (ag(x))(bh(x)) and ag(x), bh(x) € Z[x]

If ¢; is the content of ag(x) then ag(z) = ¢1g1(x) where ¢1(x) € Z|x].

If ¢y is the content of ah(z) then ah(x) = cyhi(x) where hy(x) € Z|x].
Further both ¢i(x) and hy(z) are primitive. Since f(x) is primitive the
content of abf(x) is ab. Since the product of any two primitive polynomials
is again a primitive polynomial therefore g; (x)h;(z) is a primitive one and the
content of cicag1(x)hy(z) is c1co.1t follows that ab = ¢icy and consequently
f(x) = g1(x)hi(x) where gi(z), hi(z) € Z[z] and deg(g:(x)) = deg(g(z)) and
deg(h () = deg(h(x)).

This complete the proof. m

Theorem 21. (Mod p irreducible test) Let p be a prime and f(x) € Z|x]

with deg(f(x)) > 1. Let f(x) € Z, be the polynomial obtain from f(x) by
reducing each coefficient of f(x) by mod p. If f(x) is irreducible over Z, and

deg(f(x)) = deg(f(x)) then f(z) irreducible over Q.
Proof. Let deg(f(x)) = deg(f(x)) and f(z) is irreducible over Z,. Our in-

tention is to prove that f(x) is irreducible over Q.
On the contrary let us assume that f(z) is reducible over Q. Then f(x) is
reducible over Z ie. there exists g(x), h(x) € Z[x] such that,

f(x) = g(x)h(x) where deg(g(x)) < deg(f(x)) and deg(h(x)) < deg(f(x))

Let g(z) and h(z) be the polynomials in Z, obtain from g(x) and h(z)

by reducing each coefficient by mod p. But then f(z) = g(z)h(z) where

deg(g(r)) < deg(g(z)) < deg(f(x)) = deg() f(r) and deg(h(z)) < deg(h(z)) <
deg(f(x)) = deg() f(z). It follows that f(x) is reducible over Z, which is a

contradiction to our initial assumption that f(z) is irreducible over Z,. This

contradiction leads us to the conclusion that f(x) is irreducible over Q.

This complete the proof. O

Theorem 22. (Eisensteins Criterion) Let f(z) = a 2™ + ap_12" ' +
o+ ayx + ag € Z[x]. If there exists a prime p such that p t a,, pla; Vi=
0,1, ,an_1 but p*tag then f(x) is irreducible over Q.

Proof. On the contrary let us assume that f(z) is reducible over Q. Then
f(z) is reducible over Z and consequently there exists g(z), h(z) € Z[z] such
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that f(z) = g(x)h(z) where 1 < deg(g(x)) and 1 < deg(h(z)) < n =
deg(f(x)). Let,

g(x) = ba" +be_1x" b+ by
and h(z) = csx® + o125+ Fer + o

Since f(x) = g(z)h(x) therefore ay = bycy and since plag but p? t ag therefore
p will divide any one of ay and by but not the both.

Suppose that pt co and p|by.

Again a,, = b,c, and since p { a,, therefore p 1 b, and p 1 ¢s. It follows that for
some t € {0,1,--- ,n — 1} we must have p{ b;.

But,

ar = thO + bt,101 + -+ bOCt

Since pla; therefore p will divide each of the summands on the right,specially
plbico. Thus we arrived in a contradiction because p 1 b, and p { ¢o. This
contradiction leads us to the conclusion that f(x) is irreducible over Q.

This complete the proof. O]

Theorem 23. Let F' be a field and p(x) € Fx]. Then < p(x) > is a mazimal
ideal of F[z] if and only if p(x) is irreducible over F.

Proof. Let < p(z) > be a maximal ideal in F'[x]. Clearly p(z) is neither zero
nor a unit in F[z] because < p(x) ># {0} and < p(z) ># F[z|.
If possible suppose that p(z) = f(x)g(x) is a factorization of p(x) over F.
But then p(z) €< g(z) > and therefore < p(z) >C< g(z) >C F[z]. Since
< p(z) > is a maximal ideal in F[z] therefore < p(z) >=< g(x) > or
< g(z) >= Flx].
In case < p(x) >=< g(x) >, then deg(g(z)) = deg(p(x)) and consequently
deg(f(x)) = 0ie. f(x) is a nonzero constant in the field ie. f(z) is a unit in
In case < p(x) >= F[z], then 1 €< g(x) > and consequently for some
h(z) € Flz] ie. g(x)h(z) =1ie. g(x) is a unit in F|x].
It follows that p(z) is not not reducible ie. irreducible over the field F.

[l
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6 Conclusion

Through this dissertation, we understood the basic algebraic structures of
rings and integral domains, their definition, properties, and importance in
abstract algebra. Starting from the basic structure of rings, we eramined
different examples such as commutative and non-commutative rings and ex-
plained their key operations and identities. We further specialized our interest
to integral domains, a subclass of commutative rings with no zero divisors,
which underpin many higher mathematical developments, notably field theory
and number theory.

By this investigation, we saw how integral domains generalize the intimate
arithmetic of integers into more comprehensive algebraic systems while main-
taining essential properties like the cancellation law and integrity of multipli-
cation. The connection between rings and integral domains not just deepens
our knowledge of algebraic structures but also builds a bridge to advanced
subjects like factorization, polynomial rings, and module theory.

This text illustrates the beauty and power of abstract algebra in pure and
applied mathematics. By establishing a firm foundation in rings and inte-
gral domains, we pave the way to further studies of fields, vector spaces,
and algebraic number theory. Subsequent research could include the use of
these structures in cryptography, coding theory, and computer algebra sys-
tems, where their algebraic properties play a significant role.
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